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= Algorithm 1.7 nth Fibonacci Term (Iterative)
Problem: Determine the nth term in the Fibonacci sequence.
Inputs: a nonnegative integer n.
Outputs: fib2, the nth term in the Fibonacei sequence.

it fib2 (int n)

{

index i

int f[0..n];

return fn];
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_i- Algorithm 3.1 Binomial Coefficient Using Divide-and-Conquer

Problem: Compute the binomial coefficient.

Inputs: nonnegative integers n and %, where k& < n.

- . . _ n
Qutputs: bin, the binomial coefficient ( k)

int bin (int n, int k)
{
if ( k==0| n==k%)
return 1;
else
return bin(n—1, £k — 1)+bin(n — 1, k);

N. Razavi - AD course - 2006 6
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0 1 2 3 4 j k
ol 1
111 1
211 2 1
3|1 3 3
411 4 6 4 1

Bli—11lj- 1] Bli—1](/]

i Bli /]
n

Figure 3.1 ® The array B used to compute the binomial coefficient.
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~ » Algorithm 3.2

}

@33)0)

Binomial Coefficient Using Dynamic Programming

Problem: Compute the binomial coefficient.

Inputs: nonnegative integers n and k, where k < 1.

: . o n
Outputs: bin2, the binomial coefficient (k)

int bin2 (iut n, int k)

ol

index i, j;:
int B[0..n][0.. k];

for (i = 0; 4

<=1 t+t)
for (7 = 0; j <= minimum{t.k); j++)
it (j ==01 j==1)
Bl+][j] = 1;

else
Bli¢][j] = Ble—-1]{s-1] + B[« L][s];
return Bln][k];

N. Razavi - AD course - 2006
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Figure 3.2 @ A weighted, directed graph.
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w

wli=j 5
1 2 4 5

1]0 1
218 0 3 2 5
3|10 N 0 4 7
416 7 2 0 3
513 4 6 4 0

D

Figure 3.3 ® W represents the graph in Figure 3.2 and D contains the lengths of the shortest paths. Our
algorithm for the Shortest Paths problem computes the values in D from those in W.
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DO[2][5] = length[v,, vs] = ©

DV[2][5] = minimum(length[v,, vs], length[v,, v, vs ]
= minimum( o, 14) =14

D@[2][5] =DV [2][5] =14

DP[2][5] = D®[2][5] = 14

Figure 3.2 e A weighted, directed graph.

D@[2][5] = minimum(length [v,, v;, Vs |, length[v,, v,, vs ],
length[v,, v, v,, Vs |, length[v,, v;, v,, vs | )
= minimum(14, 5, 13, 10) =5
D®[2][5] = D™[2][5] = 5

N. Razavi - AD course - 2006 17
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DW[i][j] = D*V[i][k] + DWD[][]
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(53 gan

A shortest path from v;to v;using only vertices in {vy,V,, ... , v}

A shortest path from v;to v, using A shortest path from v; to v;using
only vertices in {vy,v,, ..., ¥} only vertices in {vy,, ... Vk}

Figure 3.4 ® The shortest path uses v;.

o DWO[][j] = minimum(D*V[{][j], D% V[{][k] + D*D[K][}])
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DO[2][4] = minimum(D©[2][4], DO[2][1] + DO[1][4] )

= minimum(2, 9+ 1)=2

DM[5][2] = minimum(DO[5][2], DO[5][1] + DO[1][2] )

= minimum(e, 3 + 1) =4

DO[5][4] = minimum(DO[5][4], DO[5][1] + DO[1][4] )

= minimum(e, 3 + 1) =4

D@[5][4] = minimum(DW[5][4], DD[5][2] + DD[2][4] )
= minimum(4, 4 +2)=4

N. Razavi - AD course - 2006

Figure 3.2 @ A weighted, directed graph.
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PAlgDrlthm33 Floyd's Algorithm for Shortest Paths

Problem: Compute the shortest paths from each vertex in a weighted graph to
each of the other vertices. The weights are nonnegative numbers.

Inputs: A weighted, directed graph and n, the number of vertices in the graph.
The graph is represented by a two-dimensional array W, which has both its
rows and columns indexed from 1 to n, where W [i] [j] is the weight on the edge
from the ith vertex to the jth vertex.

Outputs: A two-dimensional array D, which has both its rows and columns
indexed from 1 to n, where D [i][j] is the length of a shortest path from the
ith vertex to the jth vertex.

V(Jid f[()yd (int T
const number W[][]
number D [] H )

D=W,
for (k = 1; k<=n; k++)
for (i = 1; i <=n; i++)
for (j = 1; j <=n; j++)
Dli][j] = minimum (D[¢][5], D[i][k] + D[k][]])

N. Razavi - AD course - 2006 22
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> Algorithm 3.4 Floyd's Algorithm for Shortest Paths 2
Problem: Same as in Algorithm 3.3, except shortest paths are also created.
Additional outputs: an array P, which has both its rows and columns indexec
from 1 to n, where
highest index of an intermediate vertex on the shortest path
Plil[j] = ¢ from v; to v;, if at least one intermediate vertex exists.
0, if no intermediate vertex exists.
void floyd?2 (int n,
const number W[][] ,

number D , - '~
index PH [I]] ) M)Qﬁ)\
{ S S 20ld

index, 1+, J,

for (i = P <= n; it++)
for (j = 1; j <=mn; j++) vy o0
Pli][j] =0 e 95
D =W }AILD
for (k = 1; k<= n; k++) e
for (i = 1; i <=mn; i++)
for (j = 1; j <= n; j++)
it (D[i][k] + D[k][j] < D[e][s]){
Pli][7] = k;
D[i][j] = D[i][k] + D[k][]];
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ol oL JL".’.‘

315 5 0 0 4

415 5 0 0 0

510 1 4 1 0

Figure 3.5 @ The array P produced when Algorithm 3.4 is applied to the graph in Figure 3.2.
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> Algorithm 3.5 Print Shortest Path
Problem: Print the intermediate vertices on a shortest path from one vertex to
another vertex in a weighted graph.

Inputs: the array P produced by Algorithm 3.4, and two indices, ¢ and r, of
vertices in the graph that is the input to Algorithm 3.4.

highest index of an intermediate vertex on the shortest path
Pi][j] = < from v; to vy, if at least one intermediate vertex exists.
0, if no intermediate vertex exists.

Outputs: the intermediate vertices on a shortest path from v, to v,.
wvoid path (index ¢, )
if (Plq][r] != 0){
path(g, Plq]lr]);

cout << ‘9’7 << Plq][r];
path(Plq][r], 7);
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Figure 3.6 ® A weighted, directed graph with a cycle.
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(A > B) x C) x D)
20%2 2x30 30x12 12x8

g o sl = (20 * 2 * 30)
+ (20 * 30 * 12)
+ (20 * 12 * §)
=10320
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(A x B) x (C *x D)
20%2 2x30 30x12 12x8

e o sl = (20 * 2 * 30)
+ (30 * 12 * 8)
+ (20 * 30 * 8)
= 8880
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Y o9

32



J0.s

(A x (B x O) *x D)
20%2 2x30 30x12 12x8

g o sl = (2 %30 * 12)
+(20*2*12)
+ (20 * 12 * §)
= 3120

N. Razavi - AD course - 2006
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A4 x ((B x Ox D)
20x2 2x30 30x12 12x8

e o sl = (2 %30 * 12)
+ (2 *12 *8)
+ (20 * 2 * 8)
= 1232

N. Razavi - AD course - 2006
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(A4 x(B x (Cx D))
20%2 2x30 30x12 12x8

g o sl = (30 * 12 * §)
+ (2 * 30 * 8)
+ (20 * 2 * §)
= 3680

N. Razavi - AD course - 2006
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cAj\SAl-gf,a'Lg\ijg:)jﬁcgugfé:\qué\b:Mi][f] .
(<] bha
« M[i][i]]=0
Jea o
A, x Ay, xA; xA, xAs xAq
5x2 2x3 3x4 4x6 6x7 Tx8
dyd, d d, d,d, dyd,d, ds ds d

MTA][6] - 7
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awpls ¢ Opo sy
SSan sl (6,8 586

_AI(A2A3A4A5A6)
—(4,4,) (454,45 45)
— (A4, 4,45) (A, 45 4q)
— (A4, 4,45 4,) (A5 4q)
— (A4, 4,454, 45) Ag _

o1k S 5556 Sl e b sl
M[1][k] + M{k+1][6] + d, d; dg

olate

MT1][6]= minimum(M[1][k]+ Mk +11[6]+ dod, d)

1<k<5
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15 Ala
ML) = min imum(MUK]+ MU+ diaded ). i 1<
{ MIi][] =0
nloes

M[1][2], M[2][3] -

Diagonal 1 Diagonal 2 Diagonal 3 Diagonal 4 Diagonal 5

1\\ 2\\ 3\ 4\ 5 \ﬁ
0 30 64 132

1 226 348 <———— Final

Jr A i answer
2 0 24 72 156 268 ’
3 0 72 198 366

- }
4 0 168 392

S

5 0 336
6 0
Figure 3.8 ® The array M developed in Example 3.5, A [1] [4], which is circled, is computed from the pairs of

entries indicated.
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mli, j]=mn{m[i,k]+mlk +1, jl+7r,_ -1, -7}

i<k<j

| uE

o ; i |
|
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v, =10,r, =20,r, =50,r, =1,r, =100

\#Jﬁp\.’&wbu’

m[1,2] = min{m[l, k]+ m[k +1.2] +r,r,7,}

1<k<2

=r,1,1, =10,000

m[2,3]=rr,r; =1,000

m[3,4]| = r,r,r, =35,000

N. Razavi - AD course - 2006
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J0s
v, =10,r, =20,r, =50,r, =1,r, =100

Y # fp\.’& w\z-.a ¢
m[1,3] = g{ig{m[l, kl+mlk+13]+r,r, 7}
=min{m[1,1]+m[2,3]+ 7,11,
m[1,2]+m[3,3]+ 7,1, }
= min{0+ 1000+ 200,10000+ 0+ 500}

:
1200 0 |10K|1.2

m[2,4] = gg}}g{mp, k] + m[k + 1,4] + I"ll"kl"4} 0 sK

=min{m[2,2]+m[3,4]+ r,r,7,,
m[2,2]+ m[4,4]+ r.ryr, ) 0

= min {0 + 5000 + 100000, 1000 + 0 + 2000}

=3000
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v, =10,r, =20,r, =50,r, =1,r, =100
V#fp\.’& w\z-.a ¢

m[1,4] = g{iﬁ{m[l, kl+mlk+14]+ 7,7}
=min{m[1,1]+m[2,4]+r,1,7,,
m[1,2]1+m[3,4]+r,r,1,,
m[1,3]+m[4,4]+ 7,17, }

= 2200
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Minimum Multiplications

Problem: Determining the minunum number of elementary multiplications needed
to multiply n matrices and an order that produces that miniimnum number,

Inputs: the number of matrices n, and an array of integers d, indexed from 0 to
n, where d [i — 1] x d[i] is the dimension of the ith matrix.

Outputs: minmult, the minimum number of elementary multiplications needed
to multiply the n matrices; a two-dimensional array P from which the optimal
order can be obtained. P has its rows indexed from 1 to n — 1 and its columns
indexed from 1 to n. £ [i][j] is the point where matrices ¢ through j are split
in an optimal order for multiplying the matrices.

int menmult (ot oo,
const int d[],
index P[]|[])

index i, j, k, diagonal;
int M[1..n]|[1..n];

for(i = 1; i <= n; i++)
Mi)[i] = 0;
for (diagonal = 1; diagonul <=mn — 1; diagonal++) // Diagonal-1 is
for (i = 1, i <=n — diagonal; t++){ // just above the
J =i+ diagonal; // main diagonal
Mi][j] =
mingmum (M ¢][ k] + Mk + L][3] + d|¢ Lxd|[k]xd[j]);

i< k<1

Pli][j] = a value of %k that gave the minimum;

return M(1][n];

}

N. Razavi - AD course - 2006

45



OVl ass (SIP (ILs) (9381

k ldis a gl podd | >l glghaadly siws t Lol fos @
&ﬁuy%bg&uw}bb‘u\x}cn :63‘9)‘90}‘43‘ ¢

sl Sy

S @(n3)
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diagonal=1 6
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Figure 3.9 @ The array P produced when Algorithm 3.6 is applied to the dimensions in Example 3.5.

P all

5

5

?%%q"

N. Razavi - AD course - 2006

47



~ » Algorithm 3.7 Print Optimal Order

Problem: Print the optimal order for multiplying n matrices.

Inputs: Positive integer n, and the array P produced by Algorithui 3.6. P |¢] ]
is the point where matrices ¢ through j are split in an optimal order for multi-

plying those matrices.

Outputs: the optimal order for multiplying the matrices.

{

L if (i == j)

cout << ‘477

else {

- void order (index i,

index )

N. Razavi - AD course - 2006
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Figure 3.10 ® Two binary search trees.
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struct nodetype

{
keytype key:
nodetype® left;
nodetype™ right;

b

typedef nodetype™ node_pointer
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void search (node_pointer tree

» Algorithm 3.8 Search Binary Tree

Problem: Determine the node containing a key in a binary search tree. It is
assumed that the key is in the tree.

Inputs: a pointer tree to a binary search tree and a key keyin.

Outputs: a pointer p to the node containing the key.

keytype keyin,
node_pointer& p)

bool found;

p = tree;
found = false;
while (! found)
if (p—>key == keyin)
found = true;
else if (keyin < p—> key);
p = p—> left; // Advance to left child.
else
p = p—> right; // Advance to right child.
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3.7 J0.w
& P,=07 -

1.3(0.7) +2(0.2) + 1(0.1) = 2.6
2.2(0.7) +3(0.2) + 1(0.1) = 2.1
3.2(0.7) + 1(0.2) + 2(0.1) = 1.8
4.1(0.7) + 3(0.2) + 2(0.1) = 1.5
5. 1(0.7) + 2(0.2) + 3(0.1) = 1.4

Figure 3.11 @ The possible binary search trees when there are three keys.
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3.8 Jb.s
J b 5o A[2][3] acloes @

* p,=0.7, p,=0.2, p;=0.1

1(p,) + 2(py) = 1(0.2) +2(0.1) = 0.4 2(p,) + 1(p;) =2(0.2) + 1(0.1) = 0.5

u{.‘jb‘g@‘%%w&)z

A[2][3]=0.4
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For each key, there is one
additional comparison at
the root. l

Average search time
in this subtree
is A[1][k— 1]

Average search time
in this subtree
is Alk +1][n]

Figure 3.13 e Optimal binary search tree given that Key, is at the root.
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“wr

Ak -1 + pitdper + 0 pe + Ak t+n]  + prpat -t

Average time in Additional time Average time Average time in Additio;al time
B left subtree comparing at root searching for right subtree comparing at root
i ST root
n
= A[l][k—l]+A[k+1][n]+Zp
m
m=1

All[n]=min imum (ALK - 1]+ Alk +1][n]) + Z D,

1<k<n

Alilly] = mingmum(Ali]lk — 1] + Ak + 1) + 7 _; pm i< j
Alt][i] = p;
Alt][i — 1] and A[j + 1][j] are defined to be 0.
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» Algorithm 3.9 Optimal Binary Search Tree

Problem: Determine an optimal binary search tree for a set of keys, each with
a given probability of being the search key.

Inputs: n, the number of keys, and an array of real numbers p indexed from 1
to n, where p[i] is the probability of searching for the ith key.

Outputs: A variable minavg, whose value is the average search time for an opti-
mal binary search tree; and a two-dimensional array R from which an optimal
tree can be constructed. R has its rows indexed from 1 to n+1 and its columns
indexed from 0 to n. R[] [4] is the index of the key in the root of an optimal
tree containing the ith through the jth keys.

void optsearchtree (int n,
const float p][],
float& minavg,
index R[][])
{
index i, j, k, diagonal;
float A[1..n + 1][0..n];
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for (i = 1; i < =n; i++){
Ali][i — 1] =
Ali][4] = pl3];
R[i][¢] = 3;
R[i][t — 1] = 0;
J
Aln + 1][n] = 0;
R(n + 1][n] = 0;
for (diagonal = 1; diagonel < =n — 1; diagonal++)
for (1 = 1; i <=n — diagonal; i++){

j =
Ale][ 7]
R[i]14)

f
minavg = A[1][n];

i + diagonal;
minimum(A[i][k — 1] + A[k + 1
i<k <

N. Razavi - AD course - 2006

// Diagonal-1 is
// just above the
// main diagonal.

15) + 3 oo

a value of k£ that gave the minimum;
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:ﬂor;thm 3. ‘IO Build Optimal Binary Search Tree

Problem: Build an optimal binary search tree.

Inputs: n, the number ol keys, an array Key containing the n k(‘ya in order,
and the array It produced by Algorithm 3.9. R [i] 4] is the index of the key in
the root of an optimal tree containing the ith through the jth keys.

Outputs: a pointer tree to an optimal binary search tree containing the n keys.
node_pointer tree (index i, j)
index k;
node_pointer p;

k=R[i][j];

if (A == ()
return NULL;
else {
p = new nodetype;

—> key = Key|k];

p=> left = tree(i, k — 1);
p—> right = tree(k + 1, j);
return p;
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Don [sabelle Ralph Wally il "L:lf *
Key[1] Key[2] Key[3] Key[4]

p.=3/8 p,=3/8 p;=1/8 p,=1/8 ol .3\.?;1\ LSL“ “:’.‘)T °

o 1 2 3 4 c 1 2 3 4
1jo 2 2 ¥ Z 1o 1 1 2 2
2 o <+ 2 1 2 0o 2 2 2
3 o + = 3 0 3 3
4 0 = 4 0 4
5 0 5 0

A R

Figure 3.14 e The arrays A and R, produced when Algorithm 3.9 is applied to the instance in Example 3.9.
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Jola Ob)s

Isabelle

Figure 3.15 ® The tree produced when Algorithms 3.9 and 3.10 are applied to the instance in Example 3.9.

N. Razavi - AD course - 2006 65



(TSP) )5 2)9> 233uw9)d aAluws

J'“J‘“fuzJ?‘iu”‘Jéii}‘éﬁM 3(@}"—1-:"\-%)}3))}3 °
LS e LSS s K st 51K

(il J b UYL Olateln s (6 e g 555 ©
A5l oo o,y sS6 45 e 51 Brute force v;ujiﬂ .
(n-1)(n-2)--1=(n-1)!

()l 135 Sy Jool @

N. Razavi - AD course - 2006 66



Figure 3.16 @ The optimal tour is [v1, v3, vq, vo, vi].

length[vla V29 V39 V49 Vl] =22
length[vla V37 V29 V49 Vl] =26

length[V,, V3, V,, V,, V] =21
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U~33)¢L¢3¢c}a.>u =V ¢

pled SISV, 4 V) 5l s o 286 S Jsb = D[v][A4] *
S o 558 Db S aBs A 48 gazes o 6
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25 O1E 61 D[V,J[A] alons

Y W ST cA={v,} £
. . D[v,][4] = length[v,, v;, v,] = o
Figure 3.16 ® The optimal tour is [v1, v3, va, v2, vi].
D &T A={v; v,} §
DIv,][A] = minimum( length[v,, vs, v, v ], length[v,, v,, v; v|])

= minimum(20, «) = 20
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= g 5 SG sk 0

D [V —{v,} | = minimum @ [11[1+ DLy 11V — iy, v 1D

2<j<n

VZEA)l'#—' 1 "‘J\"Lg\fjj‘b‘\" ¢
Dy llAl=min imum W1+ Dy IlA-{y ;D if A#¢

j:vjeA

Dly llg]=Wli][l]
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258 S () a5 dle ©

3| 7 0 8

4|6 3 00 0

Figure 3.17 @ The adjacency matrix representation W of the graph in Figure 3.16. -
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D[v;][{v,}]=minimum(W[3][ j]+ D[v, ][ {v,; = {v;i])

Jve{vy }

= WRBI2]+ D¢l =7+1=28

Vul[ivpb]= 3+ 1 =4
Vy][{vs}] = 6+ 00 =0
I[{v3}] = ©o© + 00 =00
Vo][1vsf] = 4+6=10

1
0
1
O
V3][ivg]= 8+6=14 6

S S O T O
=

wWw 3 O DN

8 © o ©o|w

S o ~ ¥ |H

S W N =
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:ﬁﬁfwﬂja\)émjséuwwmw i

Dlv,][{v,,v;}]= minimum(W[4][j]+D[Vj][{vzav3} - {V]}])

Jvj€iva,vs)

= minmum(W[4][2] + D[v,][{vs ], WI4][3] + Dlvs][{v,5])

=minimum(3 + &, 0 + §)= O

D[v;][{v,, v;}] = mimimum(7 + 10, 8 + 4) =12
D[v,][{vs, v4} ] = mimimum(6 + 14, 14 + o) =20
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S (o demloes |y g 55 dsb 0ST

DLvp J[4vy, v, vy | = muinimum (W17 [+ DLy, [[4v,, v, v =13 ])

Jvi€{vy,vs,vy
= minimum(W[1][2] + D[v,][{vs, v,}],

WIL][3] + DIvs][{vy, V4],
WIL][4] + D[vy][1v,, v35])

=minimum(2 + 20, 9 + 12, o0 + c0) =2]
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void travel (int n,

b

const number W[][],
index P[][],

number& minlength)

index i, j, k;
number D[1..n][subset of V' — {v,}];
for (i=2;i<=n;i++)
Dli][2] = WIi][1];
for(k=1;k<=n-2; kt++)
for (all subsets 4 & V' - {v,} containing k vertices)
for (i such that i # 1 and v;1s not in 4){

D[i][4] = minimum(WT[i][j] + Dj][4 — {v;} ]);
Jiv; & A
P[i][4] = value of j that gave the minimum:;

;

DIV = v ] = minimum (W1][7]+ DIV = {vy, vi3 ;s

2<j<nm

P[1][V — {v,}] = value of j that gave the minimum;
minlength = D[1][V — {v,}];
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ij\)‘dioﬁL;‘ﬁoM\ﬁ‘M\)jwaiLgL&‘J«»& °
J\;J.Suwjj)b\-\&?cn:é.bj)joj\.b‘ ¢

=2 -1 .z
T(n)=2(n—1—k)k(nk j Sl S e 0
k=1

Lk n—1 B { n—2
(n—1- )( . ]—("l—) ;
:T(n):(n—l)nfk("k_ 2}

T(n) = (n-1)(n-2)2"3 € O(n22")

M(n) =2 x n2™1 = n2" € O(n2")
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=) Sl e 8D e 8 ol il @
P[1][{v,, v3, v4p] =3

l | =o;&:.o3.> u”‘.’.‘l"‘ *
P[3][{v,y, v4] =4
l | =°J§ et g s il 0

P[4][{v,}] =2
= gy °

[Vla V39 V49 V29 V]]
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Ibfajjbowj}dw i
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