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Amount owed: 36 cents

Step

1. Grab quarter

2. Grab first dime

3. Reject second dime

4, Reject nickel

5. Grab penny

Figure 4.1 ® A greedy algorithm for giving change.
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while (there are more coins and the instance is not solved){

grab the largest remaining coin; // selection procedure

If (adding the coin makes the change exceed the :

o amount owed ) . // feasibility check
‘reject the coin; '

‘else

add the coin to the change;
If (the total value of the change equals the
amount owed ) // solution check
the instance is solved;
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Coins

Amount owed: 16 cents

Step

1. Grab 12-cent coin

2. Reject dime

3. Rejecl nickel

4. Grab four pennies

Total Change

Figure 4.2 @ The greedy algorithm is not optimal if a 12-cent coin is included.
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(a) A connected, weighted, (b) If (v4,vs) were removed from this subgraph,
undirected graph G. the graph would remain connected.

> JO

(c) A spanning tree for G. (d) A minimum spanning tree for G.

Vo

Figure 4.3 ® A weighted graph and three subgraphs.
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G=(V,E) slpaST=(V,F) 8L sl

F=g

while (the instance is not solved){

select an edge according to some locally
optimal consideration;

//
//

//

if (adding the edge to F does not create a cycle)

add it ;

if (T = (V,F) is a spanning tree)

the instance

is solved;
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Initialize set of
edges to empty.

selection procedure

feasibility check

solution check
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F=2; // Initialize set of edges
// to empty.
Y={v}; // Initialize set of vertices to
// contain only the first one.
while (the instance is not solved){
select a vertex in V — Y that is // selection procedure and
nearest to Y; // feasibility check

add the vertex to Y;
add the edge to F,

if (Y==1V) // solution check
the instance is solved;
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( weight on edge if there is an edge between v; and v;
Wi [7] = ¢ o if there is no edge between v; and v,
| 0 if ¢ = 7.
2 4 5
110 oo oo

41 o 6 4 0 5

5] o 0o 2 5 0

Figure 4.5 e The array representation W of the graph in Figure 4.3(a).
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nearest [i] = index of the vertex in Y nearest to v;

distance [i] = weight on edge between v; and the vertex indexed
by nearest [i]

» Algorithm 4.1 Prim's Algorithm

Problem: Determine a minimum spanning tree.
Inputs: integer n > 2, and a connected, weighted, undirected graph containing
n vertices. The graph is represented by a two-dimensional array W, which has
both its rows and columns indexed from 1 to n, where W [¢] [j] is the weight on
the edge between the ith vertex and the jth vertex.
Qutputs: get of edges I in a minimum spanning tree for the graph.

void prim ( int 1",

const number W:] [l

set_of_edgesd [

index ¢, wnear;

number min ;

edge e;

index nearest [2..n];

number distance [2..n];

F = g,

for (i = 25 i <=mn; i++){
nearest|[d| = 1

distance|i] = W[ L [4]5

For all vertices , initialize v
to be the nearest vertex in

Y and initialize the distance
from Y to be the weight

on the edge to wvy. Ve

e T T T T
R
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repeat (n — 1 times){
// Add all n — 1 vertices to Y.
min = 00;
for (i = 2; i <=n; i++) // Check each vertex for
if (0 < distance[i] < min){ // being nearest to Y.
min = distancel]i];
vnear = 1,
}
e = edge connecting vertices indexed
by wvnear and nearest|[vnear];
add e to F;
distance [vnear] = —1; // Add vertex indexed by
for (i = 2; i <=mn; i++) [/ wnear to Y.
if (W[i]]vnear] < distance[i]){ // For each vertex not in
distance|[i] = W[i][vnear]; // Y, update its distance
nearest|i] = wnear; // from Y.
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A Lemma 4.1 Let G = (V, E) be a connected, weighted, undirected graph: let
F be a promising subset of F/; and let Y be the set of vertices connected by the
edges in F'. If e is an edge of minimum weight that connects a vertex in Y to
a vertex in V — Y, then F'U {e} is promising.

Figure 4.6 @ A graph illustrating the proof in Lemma 4.1. The edges in F" are shaded in color.
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// Initialize set of
// edges to empty.

F=o;

create disjoint subsets of V, one for each
vertex and containing only that vertex;

sort the edges in F in nondecreasing order;

while (the instance is not solved){

select next edge; // selection procedure

if (the edge connects two vertices in

disjoint subsets){
merge the subsets; '

add the edge to F;

// feasibility check

}
if (all the subsets are merged)

// solution check
the instance is solved:
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(v3, vs5) 2
(v, v3) 3
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(v, v,) 1
(v, vs) 2
(v, v3) 3
(v5, v3) 3
(v3, v4) 4
(V4 V5) S
(V2, v4) 6

J0s Gy

\‘0

N. Razavi - AD course - 2006

Vi, V IS ¢
(V3, V5) JL olsl

Yy



(v, v,) 1
(v, vs) 2
(v, v3) 3
(v5, v3) 3
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(V4 V5) S
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(v, v,) 1
(v, vs) 2
(v, v3) 3
(v5, v3) 3
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> Algorithm 4.2 Kruskal's Algorithm
Problem: Determine a minimum spanning tree.
Inputs: integer n > 2, positive integer m, and a connected, weighted, undirected
graph containing n vertices and m edges. The graph is represented by a set F
that contains the edges in the graph along with their weights.

Outputs: F, a set of edges in a minimum spanning tree.

void kruskal (int n, int m, - S_]
set _of_edges F, M \
set_of_edges& F) =i

index ¢, 7,
set_pointer p, ¢; gﬁ

edge e;

Sort the m edges in F by weight in nondecreasing order;

lf’ @}
initial(n); // Initialize n disjoint subsets.
while (number of edges in F is less than n — 1){

¢ = edge with least weight not yet considered;

i, j = indices of vertices connected by e¢;

p = find(i);

q = find(j);

if (! equal(p, q)){
merge(p, q);
add e to F,
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Y={un};
F=g;

while (the instance is not solved){

select a vertex v from V — Y, that has a // selection
shortest path from wv;, using only vertices // procedure and
in Y as intermediates; // feasibility check

add the new vertex v to Y;
add the edge (on the shortest path) that touches v to F;

if (Y==1V)

the instance is solved; // solution check
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Compute shortest paths from v, 1. Vertex v; is selected because 2. Vertex v, is selected because it
it is nearest to vy. has the shortest path from v, using

only vertices in {vz} as intermediates.

3. Vertex vq is selected because it 4. The shartest path from v, to va is
has the shortest path from v, [V, Vi, vy, Vol
using only vertices in {vy, vs] .
as intermediates.

Figure 4.8 ® Aweighted, directed graph (in upper-left corner] and the steps in Dijkstra's algorithm for that
graph. The vertices in Y and the edges in F are shaded in color at each step.
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» Algorithm 4.3 Dijkstra's Algorithm

Problem: Determine the shortest paths from »; to all other vertices in a weighted,
directed graph.

Inputs: integer n > 2, and a connected, weighted, directed graph containing n
vertices. The graph is represented by a two-dimensional array W, which has
both its rows and columns indexed from 1 to n, where W [i] [4] is the weight on
the edge from the ith vertex to the jth vertex.

Outputs: set of edges F* containing edges in shortest paths.

void dijkstra (int =n,
const number W[][],
set_of_edgesi F)

index i, wnear;
edge e;

index touch(2..n];
number length [2..n];

F=g;
for (i = 2; i <=n; i++){ /{ For all vertices , initialize v
touch[i] = 1 /{ to be the last vertex on the

length[i] = W[1][i]; // current shortest path from
// vi, and initialize length of
// that path to be the weight
[/ on the edge from wv;.
repeat (n — 1 times){ // Add all n — 1 vertices to Y.
Mmin = 0o}
for (i = 2; i <=n; i4++) // Check each vertex for
if (0 < length[i] < min){ // having shortest path.
min = length|i];
Unear = i
}
€ = edge from vertex indexed by fouch|vnear
to vertex indexed by wvnear:
add e to F;
for (i = 2; i<=n; i++)
if (length[vnear] + W[onear][i] < length[i]){
length|i] = length[vnear] + W| vnear|[i];
touch[i] = vnear; // For each vertex not in ¥,
//{ update its shortest path.

length[vnear] = —1; // Add vertex indexed by wvnear
' // to Y.
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sort the jobs by service time in nondecreasing order;

while (the instance is not solved){

schedule the next job; // selection procedure and
// feasibility check

if (there are no more jobs) // solution check
the instance is solved;
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1, (1+m), (1+2m), (1+3m), ...

2, (2+m), (2+2m), (3+3m), ...

i, (i+tm), (i+2m), (i+3m), ...

m, (m+m), (m+2m), (m+3m), ...
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sort the jobs in nonincreasing order by pfofit;
S = g;
while (the instance is not solved){
select next job; // selection procedure
if (S is feasible with this job added) // feasibility check
add this job to §;

if (there are no more jobs) // solution check
the instance is solved;
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S=0
S={1} v
(pdy 02, IDS={1,2} ¥
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P Algorithm 4.4 Scheduling with Deadlines

Problem: Determine the schedule with maximum total profit given that cach
Job has a profit that will be obtained only if the job is scheduled by its deadline.
Inputs: n, the number of jobs, and array of integers deadline, indexed from 1 to
n, where deadlineli] is the deadline for the ith job. The array has been sorted
in nonincreasing order according to the profits associated with the jobs.

Outputs: an optimal sequence J for the jobs.

void schedule (int n,
const int deadline ][],
sequence_of integer& j)

index ¢;
sequence_of_integer Kj;

J = [1];
for (i = 2; + <=n; i++){ .
K = J with ¢ added according to nondecreasing values of
deadline [ i];

if (K is feasible)
1] L K;
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4.6 JU.s

J=11]
=[2,1],J =12, 1] because K is feasible
= [2, 3, 1] 1s not feasible
=[2, 1, 4],J=1[2, 1, 4] because K 1s feasible
=[2, 5, 1, 4] 1s not feasible
=[2, 1, 6, 4] is not feasible
=[2,7, 1, 4] 1s not feasible

J= [29 19 4] s\ ol
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Character Frequency Cl(fixed-length) C2 C3(Huffman)
a 16 000 10 00
L]

b 5 001 11110 1110 d‘ ! 6
c 12 010 1110 110

d 17 011 110 01

e 10 100 11111 1111

f 25 101 0 10

0 1
0 1 0 1
a:16 d:17] |f:25
0 1
c:12
0 1
(a) b:5 e:10 (b) b:5 e:10

Figure 4.10 @ The binary character code for Code C2 in Example 4.7 appears in (a), while the one for Code
C3 (Huffman) appears in (b).
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D ($)1AS 25 5P )Y sle A slaad
L

bits(T) = Z frequency(y.)depth(y).)
i=1

S el |y 5554050 SIS A 1 e

— bits(Cl)=(16+5+12+ 17+ 10+ 25) * 3 =255
— Dbits(C2)=16*2+5*5+12*4+17*3+10*5+25*1=231
— bits(C3)=16*2+5*4+12*3+17*2+10*4+25*2=212
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struct nodetype
{
char symbol; // The value of a character.
int frequency // The number of times the character
// is in the file.
nodetype® [eft:
nodetype™ right;
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PO cuolg) Lo

o dol Caw s Iy nodetype s 3,8, 4 F olaln
[ . I . /
“fufr':)‘“ sl S PO
— p->symbol = L ;3 Sslie ST &S
— p->frequency = L ;5 S1,5 0T Jlsl
— p -> left = p -> right = NULL

(i=1;i < = n—1;i++) { // There is no solution check: rather ,
remove(PQ,p); // solution is obtained when 12 = n .
remove (PQ, q); // Selection procedure.
ro= nods // There is no feasibility check.

r—>left = p;
r—>right = q;
r—>frequency = p—>frequency + ¢—=>frequency;
insert (PQ,r);

remove (PQ, 1) ;

. ' 7
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f:25

A= JBs

b:5
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Figure 4.12 @ The branches rooted at v and w are swapped.
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0-1 (3 agS

0-16:&;43;43@ .

S = {item,, item,, ..., item}

* w, = weight of item,

p; = profit of item,

W = maximum weight the knapsack can hold

145 ok 48 I A Sl ae germn 5SS un 0

Y. p is maximized subject to Dy <W

l'l‘em,-EA lt@m,EA

)13 3 g 5 48 goma 5271, 5— O(2") : Brute force o=, 81 —
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profit 10 9 9
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weight 10 10 25
profit 5 5 15
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Greedy
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10 1b

Optimal
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Figure 4.13 @ A greedy solution and an optimal solution to the 0-1 Knapsack problem.
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Pln][W] = mazimum (P [n — 1) (W], p, + P n=1][W —w,]) ifw,<W
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Figure 4.13 @ A greedy solution and an optimal solution to the 0-1 Knapsack problem.
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N s disles ©
{maximum(P[O][w], $50+ P[0][w—5]) 5<w
P][w]=
P[O][w] S5>w
$50 S5<w
B {O S5>w
AN
=$0
1[10] = $50
1[20] = $50
1[30] = $50
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wolic awlas :9-1€ JGs

'Y waw\:».a °
PI17107 = maximum(P[1][10], $60+ P[1][0]) 10<10
A o) 10>10
= %60
PI1130] = maximum(P[1][30], $60+ P[1][20]) 10 <30
e CUTEY 10 >30

=360+5$50=5110
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_ [maximum(P[2][30], $140+ P[2][10])  20<30
| P[2][30] 20 > 30
= $140 + $60 = $200
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