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A linear equation in the variables x1, . . . , xn is an
equation that can be written in the form

a1x1 + a2x2 + · · ·+ anxn = b

where b and the coefficients a1, . . . , an are real or
complex numbers.

Examples

Linear Equations:

3x1 − 5 = x2 and
√
2x1 = 3 + x3

Not Linear Equations:

2x1 − x1x2 = 2 and
√
x1 = 3 + x3
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Linear System

A system of linear equations (or a linear
system) is a collection of one or more linear
equations involving the same variables - say,
x1, . . . , xn.

An example

x1 +x2 −x3 = 1.5
2x1 +2x3 = −1
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Solution of Linear System

Solution of Linear System

A solution of the system is a list (s1, s2, . . . , sn) of
numbers that makes each equation a true statement
when the variables x1, . . . , xn are substituted by
s1, . . . , sn.

(0.5, 0,−1) is a solution of the previous system.
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Solution of Linear System

The set of all possible solutions is called the
solution set of the linear system.

Two linear systems are called equivalent if
they have the same solution set.



Situations for Solution Set

Example

Find the solution of the following linear system

x1 − 2x2 = −1
−x1 + 3x2 = 3

It amounts to finding
the intersection to
two lines.

6\VWHPV RI /LQHDU (TXDWLRQV

$ VROXWLRQ RI�WKH�V\VWHP�LV�D�OLVW .s1; s2; : : : ; sn/ RI�QXPEHUV�WKDW�PDNHV�HDFK�HTXDWLRQ�D
WUXH�VWDWHPHQW�ZKHQ�WKH�YDOXHV s1; : : : ; sn DUH�VXEVWLWXWHG�IRU x1; : : : ; xn� UHVSHFWLYHO\� )RU
LQVWDQFH� .5; 6:5; 3/ LV�D�VROXWLRQ�RI�V\VWHP�����EHFDXVH� ZKHQ�WKHVH�YDOXHV�DUH�VXEVWLWXWHG
LQ�����IRU x1; x2; x3� UHVSHFWLYHO\� WKH�HTXDWLRQV�VLPSOLI\�WR 8 D 8 DQG !7 D !7�

7KH�VHW�RI�DOO�SRVVLEOH�VROXWLRQV�LV�FDOOHG�WKH VROXWLRQ�VHW RI�WKH�OLQHDU�V\VWHP� 7ZR
OLQHDU�V\VWHPV�DUH�FDOOHG HTXLYDOHQW LI�WKH\�KDYH�WKH�VDPH�VROXWLRQ�VHW� 7KDW�LV� HDFK
VROXWLRQ�RI�WKH�ÀUVW�V\VWHP�LV�D�VROXWLRQ�RI�WKH�VHFRQG�V\VWHP� DQG�HDFK�VROXWLRQ�RI�WKH
VHFRQG�V\VWHP�LV�D�VROXWLRQ�RI�WKH�ÀUVW�

)LQGLQJ�WKH�VROXWLRQ�VHW�RI�D�V\VWHP�RI�WZR�OLQHDU�HTXDWLRQV�LQ�WZR�YDULDEOHV�LV�HDV\
EHFDXVH�LW�DPRXQWV�WR�ÀQGLQJ�WKH�LQWHUVHFWLRQ�RI�WZR�OLQHV� $ W\SLFDO�SUREOHP�LV

x1 ! 2x2 D !1

!x1 C 3x2 D 3

7KH�JUDSKV�RI�WKHVH�HTXDWLRQV�DUH�OLQHV� ZKLFK�ZH�GHQRWH�E\ `1 DQG `2� $ SDLU�RI�QXPEHUV
.x1; x2/ VDWLVÀHV ERWK HTXDWLRQV�LQ�WKH�V\VWHP�LI�DQG�RQO\�LI�WKH�SRLQW .x1; x2/ OLHV�RQ�ERWK
`1 DQG `2� ,Q�WKH�V\VWHP�DERYH� WKH�VROXWLRQ�LV�WKH�VLQJOH�SRLQW .3; 2/� DV�\RX�FDQ�HDVLO\
YHULI\� 6HH�)LJXUH ��
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2I�FRXUVH� WZR�OLQHV�QHHG�QRW�LQWHUVHFW�LQ�D�VLQJOH�SRLQW³WKH\�FRXOG�EH�SDUDOOHO� RU
WKH\�FRXOG�FRLQFLGH�DQG�KHQFH�´LQWHUVHFWµ�DW�HYHU\�SRLQW�RQ�WKH�OLQH� )LJXUH���VKRZV�WKH
JUDSKV�WKDW�FRUUHVSRQG�WR�WKH�IROORZLQJ�V\VWHPV�
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�D��1R�VROXWLRQ� �E��,QÀQLWHO\�PDQ\�VROXWLRQV�

)LJXUHV��� DQG��� LOOXVWUDWH� WKH� IROORZLQJ�JHQHUDO� IDFW� DERXW� OLQHDU� V\VWHPV� WR�EH
YHULÀHG�LQ�6HFWLRQ ����

6(&21' 5(9,6(' 3$*(6

A Unique Solution
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Three Possible Situations

For a given linear system, it could

Have a unique solution.

Have infinitely many solutions.

Have no solution.

For the first two situations, the corresponding linear
system is consistent, i.e. it has at least one
solution; otherwise the linear system is
inconsistent.
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Existence and Uniqueness Questions

Two fundamental questions about a linear system

1 Existence: Is the system consistent; that is,
does at least one solution exist?

2 Uniqueness: If a solution exists, is it the only
one; that is, is the solution unique?

How to answer the two questions?

Solving a linear system.

But before that . . . .
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Matrix Notation

Definition
A matrix is an array of real or complex numbers.

It is a convention to denote a matrix by an upper
case letter, for example

A =

[
−2 3 4
1 0 2

]
The size of a matrix refers to the number of
rows and number of columns.

The size of the above matrix is 2× 3, reads
2-by-3.



Matrix Notation

Definition
A matrix is an array of real or complex numbers.

It is a convention to denote a matrix by an upper
case letter, for example

A =

[
−2 3 4
1 0 2

]

The size of a matrix refers to the number of
rows and number of columns.

The size of the above matrix is 2× 3, reads
2-by-3.



Matrix Notation

Definition
A matrix is an array of real or complex numbers.

It is a convention to denote a matrix by an upper
case letter, for example

A =

[
−2 3 4
1 0 2

]
The size of a matrix refers to the number of
rows and number of columns.

The size of the above matrix is 2× 3, reads
2-by-3.



Matrix Notation

Definition
A matrix is an array of real or complex numbers.

It is a convention to denote a matrix by an upper
case letter, for example

A =

[
−2 3 4
1 0 2

]
The size of a matrix refers to the number of
rows and number of columns.

The size of the above matrix is 2× 3, reads
2-by-3.



A linear system can be recorded compactly in a
rectangular matrix.

x1 −2x2 +x3 = 0
2x2 −8x3 = 8

5x1 −5x3 = 101 −2 1
0 2 −8
5 0 −5

 1 −2 1 0
0 2 −8 8
5 0 −5 10


On the left, the coefficient matrix,

On the right, the augmented matrix.
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Practice Problems

1 Write down the coefficient matrix and
augmented matrix of the following linear
system

x1 + x3 = 10
2x2 − 8x3 = 0
x1 − 2x2 = 3

2 Is (3, 4, -2) a solution of the following system?

5x1 −x2 +1x3 = 7
−2x2 +6x2 +9x3 = 0
−7x1 5x2 −3x3 = −7



Solving a Linear System

Strategy

Replace the system with an equivalent system (with
the same solution set) that is easier to solve.

What kind of linear system is easy to solve?

Let us see an Example
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Solving a Linear System

x1 −2x2 +x3 = 0
2x2 −8x3 = 8

5x1 −5x3 = 10

[
1 −2 1 0
0 2 −8 8
5 0 −5 10

]

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6



Solving a Linear System

x1 −2x2 +x3 = 0
2x2 −8x3 = 8

5x1 −5x3 = 10

[
1 −2 1 0
0 2 −8 8
5 0 −5 10

]

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6



Solving a Linear System

x1 −2x2 +x3 = 0
2x2 −8x3 = 8

5x1 −5x3 = 10

[
1 −2 1 0
0 2 −8 8
5 0 −5 10

]

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6



The third equation is replaced (replacement)

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

Then the second equation is scaled (scaling)

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6



The third equation is replaced (replacement)

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

Then the second equation is scaled (scaling)

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5
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DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

Another scaling

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6



Backward Substitution

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

1 From the third equation, we have x3 = −1
2 With x3 = −1 substituted in the second

equation, we can have x2 = 0 by doing simple
algebra

3 With x2 = 0 and x3 = −1 substituted in the
first equation, we have x1 = 1



Backward Substitution

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

1 From the third equation, we have x3 = −1

2 With x3 = −1 substituted in the second
equation, we can have x2 = 0 by doing simple
algebra

3 With x2 = 0 and x3 = −1 substituted in the
first equation, we have x1 = 1



Backward Substitution

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

1 From the third equation, we have x3 = −1
2 With x3 = −1 substituted in the second

equation, we can have x2 = 0 by doing simple
algebra

3 With x2 = 0 and x3 = −1 substituted in the
first equation, we have x1 = 1



Backward Substitution

6\VWHPV RI /LQHDU (TXDWLRQV

6ROYH�V\VWHP�����

7KH�HOLPLQDWLRQ�SURFHGXUH�LV�VKRZQ�KHUH�ZLWK�DQG�ZLWKRXW�PDWUL[�QRWDWLRQ�
DQG�WKH�UHVXOWV�DUH�SODFHG�VLGH�E\�VLGH�IRU�FRPSDULVRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

5x1 ! 5x3 D 10

2

4
1 !2 1 0
0 2 !8 8
5 0 !5 10

3

5

.HHS x1 LQ�WKH�ÀUVW�HTXDWLRQ�DQG�HOLPLQDWH�LW�IURP�WKH�RWKHU�HTXDWLRQV� 7R�GR�VR� DGG !5
WLPHV�HTXDWLRQ���WR�HTXDWLRQ��� $IWHU�VRPH�SUDFWLFH� WKLV�W\SH�RI�FDOFXODWLRQ�LV�XVXDOO\
SHUIRUPHG�PHQWDOO\�

!5 " ŒHTXDWLRQ 1!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!5x1 C 10x2 ! 5x3 D 0

5x1 ! 5x3 D 10

10x2 ! 10x3 D 10

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�RULJLQDO�WKLUG�HTXDWLRQ�

x1 ! 2x2 C x3 D 0

2x2 ! 8x3 D 8

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 2 !8 8
0 10 !10 10

3

5

1RZ� PXOWLSO\� HTXDWLRQ� �� E\ 1
2
LQ� RUGHU� WR� REWDLQ� �� DV� WKH� FRHIÀFLHQW� IRU x2� �7KLV

FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

10x2 ! 10x3 D 10

2

4
1 !2 1 0
0 1 !4 4
0 10 !10 10

3

5

8VH�WKH x2 LQ�HTXDWLRQ���WR�HOLPLQDWH�WKH 10x2 LQ�HTXDWLRQ��� 7KH�´PHQWDO··�FRPSXWDWLRQ
LV

!10 " ŒHTXDWLRQ 2!

C ŒHTXDWLRQ 3!

ŒQHZ HTXDWLRQ 3!

!10x2 C 40x3 D !40

10x2 ! 10x3 D 10

30x3 D !30

7KH�UHVXOW�RI�WKLV�FDOFXODWLRQ�LV�ZULWWHQ�LQ�SODFH�RI�WKH�SUHYLRXV�WKLUG�HTXDWLRQ��URZ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

30x3 D !30

2

4
1 !2 1 0
0 1 !4 4
0 0 30 !30

3

5

1RZ� PXOWLSO\� HTXDWLRQ���E\ 1
30

LQ�RUGHU� WR�REWDLQ��� DV� WKH� FRHIÀFLHQW� IRU x3� �7KLV
FDOFXODWLRQ�ZLOO�VLPSOLI\�WKH�DULWKPHWLF�LQ�WKH�QH[W�VWHS��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

7KH�QHZ�V\VWHP�KDV�D WULDQJXODU IRUP��WKH�LQWXLWLYH�WHUP WULDQJXODU ZLOO�EH�UHSODFHG�E\
D�SUHFLVH�WHUP�LQ�WKH�QH[W�VHFWLRQ��

x1 ! 2x2 C x3 D 0

x2 ! 4x3 D 4

x3 D !1

2

4
1 !2 1 0
0 1 !4 4
0 0 1 !1

3

5

6(&21' 5(9,6(' 3$*(6

1 From the third equation, we have x3 = −1
2 With x3 = −1 substituted in the second

equation, we can have x2 = 0 by doing simple
algebra

3 With x2 = 0 and x3 = −1 substituted in the
first equation, we have x1 = 1



Upper triangular linear system is easy to solve.

Transform a linear system to an upper
triangular linear system via:

Elementary Row Operations

Replacement: Replace one row by the sum of
itself and a multiple of another row

Scaling: Multiply all the entries in a row by a
nonzero constant

Row Interchange: Interchange two rows
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Upper triangular linear system is easy to solve.

Transform a linear system to an upper
triangular linear system via:

Elementary Row Operations

Replacement: Replace one row by the sum of
itself and a multiple of another row

Scaling: Multiply all the entries in a row by a
nonzero constant

Row Interchange: Interchange two rows



Elementary Row Operations

Row equivalent: if there is a sequence of
elementary operation that transforms one
matrix into the other.

Elementary row operations are reversible

Equivalent System

If the augmented matrices of two linear systems are
row equivalent, then the two linear systems have the
same solution set.
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Row equivalent: if there is a sequence of 
elementary operation that transforms one 
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Equivalent System

If the augmented matrices of two linear systems are
row equivalent, then the two linear systems have the
same solution set.



Example

Determine if the system is consistent:

x2 −4x3 = 8
2x1 −3x2 +2x3 = 1
4x1 −8x2 +12x3 = 1

Solution: The augmented matrix is0 1 −4 8
2 −3 2 1
4 −8 12 1


Interchange rows 1 and 2: (blackboard)
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Example

Determine if the system is consistent:

x2 −4x3 = 8
2x1 −3x2 +2x3 = 1
4x1 −8x2 +12x3 = 1

Solution: The augmented matrix is0 1 −4 8
2 −3 2 1
4 −8 12 1


Interchange rows 1 and 2: 



Practice Problems

1 The augmented matrix of a linear system has
been transformed by row operations into the
form below. Determine if the system is
consistent. If yes, find the solution.1 5 2 −6

0 4 −7 2
0 0 5 0






