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Elementary Row Operations

Exercise
Calculate the determinants of the following matrices[

a b
c d

]

[
c d
a b

] [
a b

c+ ka d+ kb

] [
a b
kc kd

]
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Determinants of Elementary Matrices

Exercise
Calculate the determinants of the following matrices0 1 0

1 0 0
0 0 1

 1 0 0
0 1 0
k 0 1

 1 0 0
0 k 0
0 0 1





Theorem: Row Operations

Let A be a square matrix

1 If a multiple of one row of A is added to
another row to produce a matrix B, then
detB = detA.

2 If two rows of A are interchanged to produce
B, then detB = − detA.

3 If one row of A is multiplied by k to produce
B, then detB = k detA.
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This theorem can be reformulated as:

If A is an n× n matrix and E is an n× n
elementary matrix, then

detEA = (detE)(detA)

where

detE =

 1 if E is a row replacement
− 1 if E is an interchange
k if E is a scale by k
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Calculation by Row Reduction

Example

Compute detA, where A =

 1 −4 2
−2 8 −9
−1 7 0



Solution: Reduce A to echelon form

detA =

∣∣∣∣∣∣
1 −4 2
−2 8 −9
−1 7 0

∣∣∣∣∣∣ =
∣∣∣∣∣∣

1 −4 2
0 0 −5
−1 7 0

∣∣∣∣∣∣ =
∣∣∣∣∣∣
1 −4 2
0 0 −5
0 3 2

∣∣∣∣∣∣
= −

∣∣∣∣∣∣
1 −4 2
0 3 2
0 0 −5

∣∣∣∣∣∣ = −(1)(3)(−5) = 15
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Exercise

Compute detA, where A =


2 −8 6 8
3 −9 5 10
−3 0 1 −2
1 −4 0 6





Suppose a square matrix A has been reduced to an
echelon form U by row replacements and row
interchanges

(without scaling).

detA = (−1)r detU

3URSHUWLHV RI 'HWHUPLQDQWV

6XSSRVH�D�VTXDUH�PDWUL[ A KDV�EHHQ�UHGXFHG�WR�DQ�HFKHORQ�IRUP U E\�URZ�UHSODFH�
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*
*
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*
*
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*
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*
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PDWULFHV�
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8
<̂

:̂
.!1/r # SURGXFW�RI

SLYRWV�LQ U

!
ZKHQ A LV�LQYHUWLEOH

0 ZKHQ A LV�QRW�LQYHUWLEOH
���

,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�DOWKRXJK�WKH�HFKHORQ�IRUP U GHVFULEHG�DERYH�LV�QRW�XQLTXH
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Theorem
A square matrix A is invertible if and only if
detA 6= 0.



Suppose a square matrix A has been reduced to an
echelon form U by row replacements and row
interchanges (without scaling).
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Theorem
A square matrix A is invertible if and only if
detA 6= 0.



Combination – An Exercise

Compute detA, where A =


0 1 2 −1
2 5 −7 3
0 3 6 2
−2 −5 4 −2



SOLUTION Add row 2 to row 4

detA =

∣∣∣∣∣∣∣∣
0 1 2 −1
2 5 −7 3
0 3 6 2
0 0 −3 1

∣∣∣∣∣∣∣∣ = −2
∣∣∣∣∣∣
1 2 −1
3 6 2
0 −3 1

∣∣∣∣∣∣ = −2
∣∣∣∣∣∣
1 2 −1
0 0 5
0 −3 1

∣∣∣∣∣∣
= (−2)(1)

∣∣∣∣ 0 5
−3 1

∣∣∣∣ = −2(15) = −30
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Determinant of Transpose

Theorem

If A is an n × n matrix, then det AT = det A. 

1 The theorem is obvious for n = 1.
2 Suppose the theorem is true for k × k

determinants and let n = k + 1.

Conclusion: By the Principle of Mathematical
Induction, the theorem is true for all n ≥ 1.



Multiplicative Property

Theorem
If A and B are n× n matrices, then
detAB = detA detB.

Example

Verify this theorem for A =

[
6 1
3 2

]
and B =

[
4 3
1 2

]
Warning

In general, det(A+B)6=detA+ detB.
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A Linearity Property

Suppose that the j-th column of A is allowed to
vary, and write

A = [a1 · · · aj−1 x aj+1 · · · an]

Define a transformation T from Rn to R by

T (x) = det[a1 · · · aj−1 x aj+1 · · · an]

T(cX) = cT(x)

T(u+v) = T(u) + T(v)
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A Linearity Property

Suppose that the j-th column of A is allowed to
vary, and write

A = [a1 · · · aj−1 x aj+1 · · · an]

Define a transformation T from Rn to R by

T (x) = det[a1 · · · aj−1 x aj+1 · · · an]

T(cx) = cT(x) 
T(u+v) = T(u) + T(v)



Exercise

1 Let

∣∣∣∣∣∣
a b c
d e f
g h i

∣∣∣∣∣∣ = 7, find the determinants

∣∣∣∣∣∣
a b c
d e f
3g 3h 3i

∣∣∣∣∣∣∣∣∣∣∣∣
a+ d b+ e c+ f
d e f
g h i

∣∣∣∣∣∣



Exercise

2 Compute

∣∣∣∣∣∣∣∣
1 −3 1 −2
2 −5 −1 −2
0 −4 5 1
−3 10 −6 8

∣∣∣∣∣∣∣∣ in as few steps

as possible.
3 Let A be an n× n matrix such that A2 = I.

Show that detA = ±1.
4 Show that if A is invertible, then

detA−1 = 1
detA



Exercise

5 Compute

∣∣∣∣∣∣∣∣∣∣
a+ b a a · · · a
a a+ b a · · · a
a a a+ b · · · a
...

...
... . . . ...

a a a · · · a+ b

∣∣∣∣∣∣∣∣∣∣




