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Null Space

Definition
The null space of an m× n matrix A, written as
NulA, is the set of all solutions of the homogeneous
equation Ax = 0.

In set notation,

NulA = {x : x is in Rn and Ax = 0}
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Example

Let A =

[
1 −3 −2
−5 9 1

]
, and let u =

 5
3
−2

.

Determine if u belongs to the null space of A.

SOLUTION Easy. Only need to check if Au = 0.
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Theorem
The null space of an m× n matrix A is a subspace
of Rn.

Equivalently, the set of all solutions to a
system Ax = 0 of m homogeneous linear equations
in n unknowns is a subspace of Rn.



Theorem
The null space of an m× n matrix A is a subspace
of Rn. Equivalently, the set of all solutions to a
system Ax = 0 of m homogeneous linear equations
in n unknowns is a subspace of Rn.



Example

Let H be the set of all vectors in R4 whose
coordinates a, b, c, d satisfy the equations
a− 2b+ 5c = d and c− a = b. Show that H is a
subspace of R4.



Example

Find a spanning set for the null space of the matrix

A =

−3 6 −1 1 −7
1 −2 2 3 −1
2 −4 5 8 −4



SOLUTION

A ∼

1 −2 0 −1 3 0
0 0 1 2 −2 0
0 0 0 0 0 0


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Write the corresponding linear system

x1 −2x2 −x4 +3x5 = 0
x3 +2x4 −2x5 = 0

0 = 0

1XOO 6SDFHV� &ROXPQ 6SDFHV� DQG /LQHDU 7UDQVIRUPDWLRQV

7KH�JHQHUDO�VROXWLRQ�LV x1 D 2x2 C x4 ! 3x5� x3 D !2x4 C 2x5� ZLWK x2� x4� DQG x5

IUHH� 1H[W� GHFRPSRVH�WKH�YHFWRU�JLYLQJ�WKH�JHQHUDO�VROXWLRQ�LQWR�D�OLQHDU�FRPELQDWLRQ
RI�YHFWRUV�ZKHUH WKH�ZHLJKWV�DUH�WKH�IUHH�YDULDEOHV� 7KDW�LV�
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(YHU\�OLQHDU�FRPELQDWLRQ�RI X� Y� DQG Z LV�DQ�HOHPHQW�RI 1XOA DQG�YLFH�YHUVD� 7KXV
fX; Y;Zg LV�D�VSDQQLQJ�VHW�IRU 1XOA�

7ZR� SRLQWV� VKRXOG� EH� PDGH� DERXW� WKH� VROXWLRQ� RI� ([DPSOH �� WKDW� DSSO\� WR� DOO
SUREOHPV�RI�WKLV�W\SH�ZKHUH 1XOA FRQWDLQV�QRQ]HUR�YHFWRUV� :H�ZLOO�XVH�WKHVH�IDFWV
ODWHU�

�� 7KH�VSDQQLQJ�VHW�SURGXFHG�E\�WKH�PHWKRG�LQ�([DPSOH ��LV�DXWRPDWLFDOO\� OLQHDUO\
LQGHSHQGHQW�EHFDXVH�WKH�IUHH�YDULDEOHV�DUH�WKH�ZHLJKWV�RQ�WKH�VSDQQLQJ�YHFWRUV� )RU
LQVWDQFH� ORRN�DW�WKH��QG� �WK� DQG��WK�HQWULHV�LQ�WKH�VROXWLRQ�YHFWRU�LQ�����DQG�QRWH
WKDW x2X C x4Y C x5Z FDQ�EH � RQO\�LI�WKH�ZHLJKWV x2; x4� DQG x5 DUH�DOO�]HUR�

�� :KHQ 1XOA FRQWDLQV�QRQ]HUR�YHFWRUV� WKH�QXPEHU�RI�YHFWRUV�LQ�WKH�VSDQQLQJ�VHW�IRU
1XOA HTXDOV�WKH�QXPEHU�RI�IUHH�YDULDEOHV�LQ�WKH�HTXDWLRQ A[ D ��

7KH &ROXPQ 6SDFH RI D 0DWUL[
$QRWKHU�LPSRUWDQW�VXEVSDFH�DVVRFLDWHG�ZLWK�D�PDWUL[�LV�LWV�FROXPQ�VSDFH� 8QOLNH�WKH
QXOO�VSDFH� WKH�FROXPQ�VSDFH�LV�GHÀQHG�H[SOLFLWO\�YLD�OLQHDU�FRPELQDWLRQV�

7KH FROXPQ�VSDFH RI�DQ m " n PDWUL[ A� ZULWWHQ�DV &ROA� LV�WKH�VHW�RI�DOO�OLQHDU
FRPELQDWLRQV�RI�WKH�FROXPQV�RI A� ,I A D Œ D1 # # # Dn !� WKHQ

&ROA D 6SDQ fD1; : : : ; Dng

6LQFH 6SDQ fD1; : : : ; Dng LV�D�VXEVSDFH� E\�7KHRUHP �� WKH�QH[W�WKHRUHP�IROORZV�IURP
WKH�GHÀQLWLRQ�RI &ROA DQG�WKH�IDFW�WKDW�WKH�FROXPQV�RI A DUH�LQ Rm�

7KH�FROXPQ�VSDFH�RI�DQ m " n PDWUL[ A LV�D�VXEVSDFH�RI Rm�

1RWH�WKDW�D�W\SLFDO�YHFWRU�LQ &ROA FDQ�EH�ZULWWHQ�DV A[ IRU�VRPH [ EHFDXVH�WKH
QRWDWLRQ A[ VWDQGV�IRU�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A� 7KDW�LV�

&ROA D fE W E D A[ IRU�VRPH [ LQ Rng

7KH�QRWDWLRQ A[ IRU�YHFWRUV�LQ &ROA DOVR�VKRZV�WKDW &ROA LV�WKH UDQJH RI�WKH�OLQHDU
WUDQVIRUPDWLRQ [ 7! A[� :H�ZLOO�UHWXUQ�WR�WKLV�SRLQW�RI�YLHZ�DW�WKH�HQG�RI�WKH�VHFWLRQ�

6(&21' 5(9,6(' 3$*(6

Thus {u, v, w} is a spanning set for NulA.
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The Column Space of a Matrix

Definition
The column space of an m× n matrix A, written as
ColA, is the set of all linear combinations of the
columns of A.

If A = [a1, . . . ,an], then

ColA = Span{a1, . . . ,an}

Theorem
The column space of an m× n matrix A is a
subspace of Rm.
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A Set Notation of ColA

ColA = {b : b = Ax,∀x ∈ Rn}

A vector b is in ColA if and only if Ax = b has
at least a solution.

The column space of an m× n matrix A is all
of Rm if and only if the equation Ax = b has a
solution for each b ∈ Rm.
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Example

Find a matrix A such that W = ColA.

W =


6a− b
a+ b
−7a

 : a, b ∈ R





Example

Let

A =

 2 4 −2 1
−2 −5 7 3
3 7 −8 6



1 If ColA is a subspace of Rk, what is k?
2 If NulA is a subspace of Rk, what is k?
3 Find a nonzero vector in ColA (NulA)

4 Let u =
[
3 −2 −1 0

]T
, and determine if u

is in NulA. Could u be in ColA?
5 Let v =

[
3 −1 3

]T
, and determine if v is in

ColA. Could u be in NulA?
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1XOA &ROA

�� 1XOA LV�D�VXEVSDFH�RI Rn� �� &ROA LV�D�VXEVSDFH�RI Rm�
�� 1XOA LV�LPSOLFLWO\�GHÀQHG� WKDW�LV� \RX�DUH

JLYHQ�RQO\�D�FRQGLWLRQ .A[ D �/ WKDW�YHF�
WRUV�LQ 1XOA PXVW�VDWLVI\�

�� &ROA LV�H[SOLFLWO\�GHÀQHG� WKDW�LV� \RX�DUH
WROG�KRZ�WR�EXLOG�YHFWRUV�LQ &ROA�

�� ,W�WDNHV�WLPH�WR�ÀQG�YHFWRUV�LQ 1XOA� 5RZ
RSHUDWLRQV�RQ Œ A � ! DUH�UHTXLUHG�

�� ,W� LV� HDV\� WR� ÀQG� YHFWRUV� LQ &ROA� 7KH
FROXPQV� RI A DUH� GLVSOD\HG� RWKHUV� DUH
IRUPHG�IURP�WKHP�

�� 7KHUH�LV�QR�REYLRXV�UHODWLRQ�EHWZHHQ 1XOA
DQG�WKH�HQWULHV�LQ A�

�� 7KHUH�LV�DQ�REYLRXV�UHODWLRQ�EHWZHHQ &ROA
DQG�WKH�HQWULHV�LQ A� VLQFH�HDFK�FROXPQ�RI
A LV�LQ &ROA�

�� $ W\SLFDO�YHFWRU Y LQ 1XOA KDV�WKH�SURSHUW\
WKDW AY D ��

�� $ W\SLFDO�YHFWRU Y LQ &ROA KDV�WKH�SURSHUW\
WKDW�WKH�HTXDWLRQ A[ D Y LV�FRQVLVWHQW�

�� *LYHQ�D�VSHFLÀF�YHFWRU Y� LW�LV�HDV\�WR�WHOO�LI
Y LV�LQ 1XOA� -XVW�FRPSXWH AY�

�� *LYHQ�D�VSHFLÀF�YHFWRU Y� LW�PD\�WDNH�WLPH
WR�WHOO�LI Y LV�LQ &ROA� 5RZ�RSHUDWLRQV�RQ
Œ A Y ! DUH�UHTXLUHG�

�� 1XOA D f�g LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

�� &ROA D Rm LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D E KDV�D�VROXWLRQ�IRU�HYHU\ E LQ Rm�

7 T

D �

Kernel is a 
subspace of V

Range is a 
subspace of W

Domain
Range

0

T

0

V

Kern
el

W

6XEVSDFHV�DVVRFLDWHG�ZLWK�D
OLQHDU�WUDQVIRUPDWLRQ�

,Q�DSSOLFDWLRQV� D�VXEVSDFH�XVXDOO\�DULVHV�DV�HLWKHU� WKH�NHUQHO�RU� WKH�UDQJH�RI�DQ
DSSURSULDWH� OLQHDU� WUDQVIRUPDWLRQ� )RU� LQVWDQFH� WKH�VHW�RI�DOO� VROXWLRQV�RI�D�KRPRJH�
QHRXV�OLQHDU�GLIIHUHQWLDO�HTXDWLRQ�WXUQV�RXW�WR�EH�WKH�NHUQHO�RI�D�OLQHDU�WUDQVIRUPDWLRQ�
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Linear Transformation
A linear transformation T from a vector space V
into a vector space W is a rule that assigns to each
vector x in V a unique vector T (x) in W , s.t.

T (u+v) = T (u)+T (v),∀u,v ∈ V

T (cu) = cT (u),∀u ∈ V, c ∈ R

The kernel (or null space) of such a T is the
set of all u in V such that T (u) = 0.

- It is a subspace of V .

The range of T is the set of all vectors in W of
the form T (x) for some x in V .

- It is a subspace of W .
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9HFWRU 6SDFHV

1XOA &ROA

�� 1XOA LV�D�VXEVSDFH�RI Rn� �� &ROA LV�D�VXEVSDFH�RI Rm�
�� 1XOA LV�LPSOLFLWO\�GHÀQHG� WKDW�LV� \RX�DUH

JLYHQ�RQO\�D�FRQGLWLRQ .A[ D �/ WKDW�YHF�
WRUV�LQ 1XOA PXVW�VDWLVI\�

�� &ROA LV�H[SOLFLWO\�GHÀQHG� WKDW�LV� \RX�DUH
WROG�KRZ�WR�EXLOG�YHFWRUV�LQ &ROA�

�� ,W�WDNHV�WLPH�WR�ÀQG�YHFWRUV�LQ 1XOA� 5RZ
RSHUDWLRQV�RQ Œ A � ! DUH�UHTXLUHG�

�� ,W� LV� HDV\� WR� ÀQG� YHFWRUV� LQ &ROA� 7KH
FROXPQV� RI A DUH� GLVSOD\HG� RWKHUV� DUH
IRUPHG�IURP�WKHP�

�� 7KHUH�LV�QR�REYLRXV�UHODWLRQ�EHWZHHQ 1XOA
DQG�WKH�HQWULHV�LQ A�

�� 7KHUH�LV�DQ�REYLRXV�UHODWLRQ�EHWZHHQ &ROA
DQG�WKH�HQWULHV�LQ A� VLQFH�HDFK�FROXPQ�RI
A LV�LQ &ROA�

�� $ W\SLFDO�YHFWRU Y LQ 1XOA KDV�WKH�SURSHUW\
WKDW AY D ��

�� $ W\SLFDO�YHFWRU Y LQ &ROA KDV�WKH�SURSHUW\
WKDW�WKH�HTXDWLRQ A[ D Y LV�FRQVLVWHQW�

�� *LYHQ�D�VSHFLÀF�YHFWRU Y� LW�LV�HDV\�WR�WHOO�LI
Y LV�LQ 1XOA� -XVW�FRPSXWH AY�

�� *LYHQ�D�VSHFLÀF�YHFWRU Y� LW�PD\�WDNH�WLPH
WR�WHOO�LI Y LV�LQ &ROA� 5RZ�RSHUDWLRQV�RQ
Œ A Y ! DUH�UHTXLUHG�

�� 1XOA D f�g LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D � KDV�RQO\�WKH�WULYLDO�VROXWLRQ�

�� &ROA D Rm LI�DQG�RQO\�LI�WKH�HTXDWLRQ
A[ D E KDV�D�VROXWLRQ�IRU�HYHU\ E LQ Rm�

�� 1XOA D f�g LI�DQG�RQO\�LI�WKH�OLQHDU�WUDQV�
IRUPDWLRQ [ 7! A[ LV�RQH�WR�RQH�

�� &ROA D Rm LI�DQG�RQO\�LI�WKH�OLQHDU�WUDQV�
IRUPDWLRQ [ 7! A[ PDSV Rn RQWR Rm�

Kernel is a
subspace of V

Range is a
subspace of W

Domain
Range

0

T

0

V

Kern
el

W



Matrix Transformation

Matrix Transformation (Multiplication by Matrix)

For each x in Rn, T (x) is computed as Ax ∈ Rm,
where A is an m× n matrix.

For simplicity, we denote such a matrix
transformation by x 7→ Ax.

The matrix transformation is a linear
transformation.
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The matrix transformation is a linear
transformation.



Example

NolA is the kernel of the linear transformation
x 7→ Ax

1XOO 6SDFHV� &ROXPQ 6SDFHV� DQG /LQHDU 7UDQVIRUPDWLRQV

VXEVSDFHV�HYHU�VLQFH�6HFWLRQ ���� 7KH�PDLQ�QHZ�IHDWXUH�KHUH�LV�WKH�WHUPLQRORJ\� 7KH
VHFWLRQ�FRQFOXGHV�ZLWK�D�GLVFXVVLRQ�RI�WKH�NHUQHO�DQG�UDQJH�RI�D�OLQHDU�WUDQVIRUPDWLRQ�

7KH 1XOO 6SDFH RI D 0DWUL[
&RQVLGHU�WKH�IROORZLQJ�V\VWHP�RI�KRPRJHQHRXV�HTXDWLRQV�

x1 ! 3x2 ! 2x3 D 0

!5x1 C 9x2 C x3 D 0
���

,Q�PDWUL[�IRUP� WKLV�V\VWHP�LV�ZULWWHQ�DV A[ D �� ZKHUH

A D
!

1 !3 !2
!5 9 1

"
���

5HFDOO�WKDW�WKH�VHW�RI�DOO [ WKDW�VDWLVI\�����LV�FDOOHG�WKH VROXWLRQ�VHW RI�WKH�V\VWHP ����
2IWHQ�LW�LV�FRQYHQLHQW�WR�UHODWH�WKLV�VHW�GLUHFWO\�WR�WKH�PDWUL[A DQG�WKH�HTXDWLRQ A[ D ��
:H�FDOO�WKH�VHW�RI [ WKDW�VDWLVI\ A[ D � WKH QXOO�VSDFH RI�WKH�PDWUL[ A�

7KH QXOO�VSDFH RI�DQ m " n PDWUL[ A� ZULWWHQ�DV 1XOA� LV�WKH�VHW�RI�DOO�VROXWLRQV
RI�WKH�KRPRJHQHRXV�HTXDWLRQ A[ D �� ,Q�VHW�QRWDWLRQ�

1XOA D f[ W [ LV�LQ Rn DQG A[ D �g

$ PRUH�G\QDPLF�GHVFULSWLRQ�RI 1XOA LV�WKH�VHW�RI�DOO [ LQ Rn WKDW�DUH�PDSSHG�LQWR
WKH�]HUR�YHFWRU�RI Rm YLD�WKH�OLQHDU�WUDQVIRUPDWLRQ [ 7! A[� 6HH�)LJXUH ��

0
0

!
n

Nul A

!m

/HW A EH�WKH�PDWUL[�LQ�����DERYH� DQG�OHW X D

2

4
5
3

!2

3

5� 'HWHUPLQH�LI

X EHORQJV�WR�WKH�QXOO�VSDFH�RI A�
7R�WHVW�LI X VDWLVÀHV AX D �� VLPSO\�FRPSXWH

AX D
!

1 !3 !2
!5 9 1

"2

4
5
3

!2

3

5 D
!

5 ! 9 C 4
!25 C 27 ! 2

"
D
!

0
0

"

7KXV X LV�LQ 1XOA�

7KH�WHUP VSDFH LQ QXOO�VSDFH LV�DSSURSULDWH�EHFDXVH�WKH�QXOO�VSDFH�RI�D�PDWUL[�LV�D
YHFWRU�VSDFH� DV�VKRZQ�LQ�WKH�QH[W�WKHRUHP�

7KH�QXOO�VSDFH�RI�DQm " nPDWUL[A LV�D�VXEVSDFH�RIRn� (TXLYDOHQWO\� WKH�VHW�RI�DOO
VROXWLRQV�WR�D�V\VWHP A[ D � RI m KRPRJHQHRXV�OLQHDU�HTXDWLRQV�LQ n XQNQRZQV
LV�D�VXEVSDFH�RI Rn�
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ColA is the range of the linear transformation
x 7→ Ax.



Exercises

1 Telling true of false
The null space of A is the solution set of the
equation Ax = 0.
The column space of A is the range of the
mapping x 7→ Ax.
If the equation Ax = b is consistent, then ColA is
Rm.
The kernel of linear transformation is a vector
space.
ColA is the set of all vectors that can be written as
Ax for some x.
ColA is the set of all solutions of Ax = b.



Exercises

2 Let A =

[
−2 4
−1 2

]
and w =

[
2
1

]
. Determine if

w is in ColA? is w in NulA?

3 Let W =


ab
c

 : a− 3b− c = 0

. Show in

two different ways that W is a subspace of R3.
4 Let A be an n× n matrix. If ColA=NulA,

show that NulA2 = Rn.




