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Linearly Independent Sets

Linearly Independent

An indexed set {v1, . . . ,vp} in V is said to be linearly
independent if the vector equation

x1v1 + x2v2 + · · ·+ xpvp = 0

has only the trivial solution x1 = · · · = xp = 0.
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Linearly Independent Sets

The set {v1, . . . ,vp} is said to be linearly dependent if there
exist weight c1, . . . , cp, not all zero, such that

c1v1 + c2v2 + · · ·+ cpvp = 0

In the linearly dependent case, the equation defines a linear
dependence relation among v1, . . . ,vp.
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Example

Let v1 =

12
3

 ,v2 =

45
6

 and v3 =

21
0


1 Determine if the set {v1,v2,v3} is linearly independent.
2 If possible, find a linear dependence relation among v1,v2 and

v3.
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Linear Independence of Matrix Columns

Theorem
The columns of a matrix A are linearly independent if and only if
the equation Ax = 0 has only the trivial solution.

Example

Determine if the columns of the matrix

A =

0 1 4
1 2 −1
5 8 0


are linearly independent.
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Sets of One or Two Vectors

A set {v} with only one vector?
- v = 0

dependent
- v 6= 0 independent

Example

Determine if the following sets of vectors are linearly independent.

a). v1 =

[
3
1

]
,v2 =

[
6
2

]
b). v1 =

[
3
2

]
,v2 =

[
6
2

]
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/LQHDU ,QGHSHQGHQFH

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��
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D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
6SDQ fX; Yg LV� WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EH Z� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJXUH ��

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}

w

x3

x2

x1

vu

x3

x2

x1

/LQHDU�GHSHQGHQFH�LQ R3�

6(&21' 5(9,6(' 3$*(6

/LQHDU ,QGHSHQGHQFH

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��

/HW X D

2

4
3
1
0

3

5 DQG Y D

2

4
1
6
0

3

5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH� YHFWRUV X DQG Y DUH� OLQHDUO\� LQGHSHQGHQW� EHFDXVH� QHLWKHU� YHFWRU� LV

D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
6SDQ fX; Yg LV� WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EH Z� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJXUH ��

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}

w

x3

x2

x1

vu

x3

x2

x1

/LQHDU�GHSHQGHQFH�LQ R3�

6(&21' 5(9,6(' 3$*(6

A set of two vectors {v1,v2} is linearly dependent if at least
one of the vectors is a multiple of the other.

The set is linearly independent if and only if neither of the
vectors is a multiple of the other.
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x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��

/HW X D
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3

5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH� YHFWRUV X DQG Y DUH� OLQHDUO\� LQGHSHQGHQW� EHFDXVH� QHLWKHU� YHFWRU� LV

D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
6SDQ fX; Yg LV� WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EH Z� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJXUH ��

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}

w
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x2

x1

vu
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x2

x1
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/LQHDU ,QGHSHQGHQFH

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��
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5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH� YHFWRUV X DQG Y DUH� OLQHDUO\� LQGHSHQGHQW� EHFDXVH� QHLWKHU� YHFWRU� LV

D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
6SDQ fX; Yg LV� WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EH Z� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJXUH ��

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}
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vu
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A set of two vectors {v1,v2} is linearly dependent if at least
one of the vectors is a multiple of the other.

The set is linearly independent if and only if neither of the
vectors is a multiple of the other.



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Sets of Two or More Vectors

Theorem

An indexed set S = {v1, . . . ,vp} of two or more vectors is
linearly dependent if and only if at least one of the vectors in
S is a linear combination of the others.

In fact, if S is linearly dependent and v1 6= 0, is linearly
dependent if and only if some vj (with j > 0) is a linear
combination of the proceeding vectors, v1, . . . ,vj−1.



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Sets of Two or More Vectors

Theorem

An indexed set S = {v1, . . . ,vp} of two or more vectors is
linearly dependent if and only if at least one of the vectors in
S is a linear combination of the others.

In fact,  S with v1 6= 0, is linearly dependent if and only if 
some vj (with j > 0) is a linear combination of the 
proceeding vectors, v1, . . . , vj−1.



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Let u =

31
0

 and v =

16
0

. Describe the set spanned by u and v, and explain

why a vector w is in Span{u,v} if and only if {u,v,w} is linearly dependent.

/LQHDU ,QGHSHQGHQFH

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��
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5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH� YHFWRUV X DQG Y DUH� OLQHDUO\� LQGHSHQGHQW� EHFDXVH� QHLWKHU� YHFWRU� LV

D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
6SDQ fX; Yg LV� WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EH Z� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJXUH ��

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}

w
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/LQHDU ,QGHSHQGHQFH

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��
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5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH� YHFWRUV X DQG Y DUH� OLQHDUO\� LQGHSHQGHQW� EHFDXVH� QHLWKHU� YHFWRU� LV

D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
6SDQ fX; Yg LV� WKH x1x2�SODQH��ZLWK x3 D 0/� ,I Z LV�D�OLQHDU�FRPELQDWLRQ�RI X DQG Y�
WKHQ fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW� E\�7KHRUHP��� &RQYHUVHO\� VXSSRVH�WKDW fX; Y;Zg
LV�OLQHDUO\�GHSHQGHQW� %\�7KHRUHP��� VRPH�YHFWRU�LQ fX; Y;Zg LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�SUHFHGLQJ�YHFWRUV��VLQFH X ¤ �/� 7KDW�YHFWRU�PXVW�EH Z� VLQFH Y LV�QRW�D�PXOWLSOH
RI X� 6R Z LV�LQ 6SDQ fX; Yg� 6HH�)LJXUH ��

v
wu

Linearly dependent,
w in Span{u, v}

Linearly independent,
w not in Span{u, v}
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Let u =

31
0

 and v =

16
0

. Describe the set spanned by u and v, and explain

why a vector w is in Span{u,v} if and only if {u,v,w} is linearly dependent.

/LQHDU ,QGHSHQGHQFH

7KH�DUJXPHQWV�LQ�([DPSOH���VKRZ�WKDW�\RX�FDQ�DOZD\V�GHFLGH E\�LQVSHFWLRQZKHQ�D

x1

x2

Linearly dependent

(3, 1)

(6, 2)

x1

x2

Linearly independent

(3, 2) (6, 2)

VHW�RI�WZR�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW� 5RZ�RSHUDWLRQV�DUH�XQQHFHVVDU\� 6LPSO\�FKHFN
ZKHWKHU�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV�D�VFDODU�WLPHV�WKH�RWKHU� �7KH�WHVW�DSSOLHV�RQO\�WR
VHWV�RI WZR YHFWRUV��

$ VHW�RI�WZR�YHFWRUV fY1; Y2g LV�OLQHDUO\�GHSHQGHQW�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LV
D�PXOWLSOH�RI�WKH�RWKHU� 7KH�VHW�LV�OLQHDUO\�LQGHSHQGHQW�LI�DQG�RQO\�LI�QHLWKHU�RI�WKH
YHFWRUV�LV�D�PXOWLSOH�RI�WKH�RWKHU�

,Q�JHRPHWULF�WHUPV� WZR�YHFWRUV�DUH�OLQHDUO\�GHSHQGHQW�LI�DQG�RQO\�LI�WKH\�OLH�RQ�WKH
VDPH�OLQH�WKURXJK�WKH�RULJLQ� )LJXUH���VKRZV�WKH�YHFWRUV�IURP�([DPSOH���

6HWV RI 7ZR RU 0RUH 9HFWRUV
7KH�SURRI�RI�WKH�QH[W�WKHRUHP�LV�VLPLODU�WR�WKH�VROXWLRQ�RI�([DPSOH��� 'HWDLOV�DUH�JLYHQ
DW�WKH�HQG�RI�WKLV�VHFWLRQ�

$Q�LQGH[HG�VHW S D fY1; : : : ; Ypg RI�WZR�RU�PRUH�YHFWRUV�LV�OLQHDUO\�GHSHQGHQW�LI
DQG�RQO\�LI�DW�OHDVW�RQH�RI�WKH�YHFWRUV�LQ S LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHUV� ,Q
IDFW� LI S LV�OLQHDUO\�GHSHQGHQW�DQG Y1 ¤ �� WKHQ�VRPH Yj �ZLWK j > 1��LV�D�OLQHDU
FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� Y1; : : : ; Yj!1�

:DUQLQJ� 7KHRUHP���GRHV QRW VD\�WKDW HYHU\ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�LV�D
OLQHDU�FRPELQDWLRQ�RI�WKH�SUHFHGLQJ�YHFWRUV� $ YHFWRU�LQ�D�OLQHDUO\�GHSHQGHQW�VHW�PD\
IDLO�WR�EH�D�OLQHDU�FRPELQDWLRQ�RI�WKH�RWKHU�YHFWRUV� 6HH�3UDFWLFH�3UREOHP���F��
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5� 'HVFULEH�WKH�VHW�VSDQQHG�E\ X DQG Y�

DQG�H[SODLQ�ZK\�D�YHFWRUZ LV�LQ 6SDQ fX; Yg LI�DQG�RQO\�LI fX; Y;Zg LV�OLQHDUO\�GHSHQGHQW�
7KH� YHFWRUV X DQG Y DUH� OLQHDUO\� LQGHSHQGHQW� EHFDXVH� QHLWKHU� YHFWRU� LV

D�PXOWLSOH� RI� WKH� RWKHU� DQG� VR� WKH\� VSDQ� D� SODQH� LQ R3� �6HH� 6HFWLRQ ����� ,Q� IDFW�
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Let u =

31
0

 and v =

16
0

. Describe the set spanned by u and v, and explain

why a vector w is in Span{u,v} if and only if {u,v,w} is linearly dependent.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Let p1(t) = 1, p2(t) = t, and p3(t) = 2− t. Then {p1, p2, p3} is
linearly dependent in P because p3 = 2p1 − p2.



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Theorem
If a set contains more vectors than there are entries in each vector,
then the set is linealy dependent.

That is, any set {v1, . . . ,vp} in
Rn is linearly dependent if p > n.

Theorem

If a set S = {v1, . . . ,vp} contains the zero vector, then the set is
linearly dependent.

Invertible Matrix Theorem
A is invertible if and only if the columns of A form a linearly
independent set.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Basis

Let H be a subspace of a vector space V . An indexed set of
vectors B = {b1, . . . , bp} in V is a basis for H if

1) B is a linearly independent set

2) The subspace spanned by B coincides with H, that is

H = Span{b1, . . . , bp}

This applies to the case when H = V .
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2) The subspace spanned by B coincides with H, that is
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This applies to the case when H = V .



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Let A be an invertible n× n matrix. Then the columns of A form a
basis for Rn.

Let e1, . . . , en be the columns of the n× n identity matrix In.
That is

e1 =


1
0
...
0

 , e2 =


0
1
...
0

 , · · · , en =


0
0
...
1


The set {e1, . . . , en} is called the standard basis for Rn.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Let v1 =

30
6

 ,v2 =

−41
7

 and v3 =

−21
5

. Determine if

{v1,v2,v3} is a basis for R3.



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

The Spanning Set Theorem

Let S = {v1, . . . ,vp} be a set in V , and let
H = Span{v1, . . . ,vp}.

a. If one of the vectors in S -say, vk- is a linear combination of
the remaining vectors in S, then the set formed from S by
removing vk still spans H.

b. If H 6= {0}, some subset of S is a basis for H.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Bases for NulA and ColA

Example

Find a basis for the null space of the matrix

A =

−3 6 −1 1 −7
1 −2 2 3 −1
2 −4 5 8 −4



SOLUTION A ∼

1 −2 0 −1 3 0
0 0 1 2 −2 0
0 0 0 0 0 0

 Write the corresponding linear

system
x1 −2x2 −x4 +3x5 = 0

x3 +2x4 −2x5 = 0
0 = 0
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A =
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

Find a basis for ColB, where

B = [b1 · · · b5] =


1 4 0 2 0
0 0 1 −1 0
0 0 0 0 1
0 0 0 0 0





Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Example

It can be shown that the matrix

A = [a1 · · ·a5] =


1 4 0 2 0
3 12 1 5 5
2 8 1 3 2
5 20 2 8 8


is row equivalent to the matrix B. Find a basis for ColA.



Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Theorem
The pivot columns of a matrix A form a basis for ColA.

The pivot columns of a matrix A are evident when A has been
reduced to only echelon form.

But, be careful, one should use the pivot columns of A itself
for the basis of ColA.

Row operations can change the column space of a matrix.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Two Views of a Basis

1) A basis is a spanning set that is as small as possible.
2) A basis is also a linearly independent set that is as large as

possible.
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2) A basis is also a linearly independent set that is as large as
possible.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Exercises

1) Let v1 =

 1
2
−3

 and v2 =

−27
6

. Determine if {v1,v2} is a basis for R3.

Is {v1,v2} a basis for R2?

2) Let v1 =

 1
−3
4

 ,v2 =

 6
2
−1

 ,v3 =

 2
−2
3

 and v4 =

−4−8
9

. Find a basis

for the subspace W spanned by {v1,v2,v3,v4}.
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Linearly Independent Basis and the Spanning Set Theorem Bases for NulA and ColA

Exercises

3) Let v1 =

10
0

 ,v2 =

01
0

 and H =


ss
0

 : s in R

. Is {v1,v2} a basis

for H?
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