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Linearly Independent Sets

Linearly Independent

An indexed set {v1,...,v,} in V is said to be linearly
independent if the vector equation

T1V] + X2V + - - - + 2V, = 0

has only the trivial solution 1 = --- = x, = 0.




Linearly Independent
00®00000000

Linearly Independent Sets

@ The set {vy,...,v,} is said to be linearly dependent if there
exist weight cy,...,c,, not all zero, such that

Cl’Ul—f—CQ’Uz—f—"-—i—Cp’Up:O
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Linearly Independent Sets

@ The set {vy,...,v,} is said to be linearly dependent if there
exist weight cy,...,c,, not all zero, such that

Cl’Ul—f—CQ’Uz—f—"-—i—Cp’Up:O

@ In the linearly dependent case, the equation defines a linear
dependence relation among vy, ..., v,.
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1 4 2
Let v; = |2| ,vo= || andv3 = |1
3 6 0

@ Determine if the set {v, vy, v3} is linearly independent.

@ |If possible, find a linear dependence relation among v, v and
V3.

fq |'1 4 2 u'|

0y~ 10 =3 -3 0
0 UJ LU a0 UJ

—
[N

=BT

1 0 =2 0 x| —2x3=0
0 1 I 0 X234+ x3=0
0o o 0 ]

0=0
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Linear Independence of Matrix Columns

The columns of a matrix A are linearly independent if and only if
the equation Ax = 0 has only the trivial solution.




Linearly Independent
0000®000000

Linear Independence of Matrix Columns

The columns of a matrix A are linearly independent if and only if
the equation Ax = 0 has only the trivial solution.

Example

| \

Determine if the columns of the matrix

4
—1
0

A=

Ol = O
co DO

0 1 4 0 1 2 -1 0 1 2 -1 0
are linearly independent. {’ s o iﬂ{” 2 s "]{" o 13 0

0-2 5 0 0 0 13 0

|

v



Sets of One or Two Vectors

@ A set {v} with only one vector?
-v=20
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@ A set {v} with only one vector?
- v = 0 dependent
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Sets of One or Two Vectors

@ A set {v} with only one vector?
- v = 0 dependent

-v#0
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@ A set {v} with only one vector?

- v = 0 dependent
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Sets of One or Two Vectors

@ A set {v} with only one vector?

- v = 0 dependent
- v # 0 independent

Determine if the following sets of vectors are linearly independent.

Wm=mm=ﬁ““:ﬁ”:ﬁ
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(6.2),
3.1

Linearly dependent
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6,2
®2), (3,2), 6,2),
EN))

X

Linearly dependent Linearly independent

@ A set of two vectors {vy,vs} is linearly dependent if at least
one of the vectors is a multiple of the other.
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6,2
®2), (3,2), 6,2),
EN))

X

Linearly dependent Linearly independent

@ A set of two vectors {vy,vs} is linearly dependent if at least
one of the vectors is a multiple of the other.

@ The set is linearly independent if and only if neither of the
vectors is a multiple of the other.
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Sets of Two or More Vectors

@ An indexed set S = {v;,...,v,} of two or more vectors is
linearly dependent if and only if at least one of the vectors in
S is a linear combination of the others.
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Sets of Two or More Vectors

@ An indexed set S = {vy,...,v,} of two or more vectors is
linearly dependent if and only if at least one of the vectors in
S is a linear combination of the others.

@ Infact, Swith v, 0, is linearly dependent if and only if
some v; (with j > 0) is a linear combination of the
proceeding vectors, vy, . . ., Vj_1.
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3 1
Letw = |1| and v = [6]|. Describe the set spanned by w and v, and explain
0 0

why a vector w is in Span{w, v} if and only if {u, v, w} is linearly dependent.
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3 1
Letw = |1| and v = [6]|. Describe the set spanned by w and v, and explain
0 0

why a vector w is in Span{w, v} if and only if {u, v, w} is linearly dependent.

Linearly dependent,
w in Span{u, v}
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3 1
Letw = |1| and v = [6]|. Describe the set spanned by w and v, and explain
0 0

why a vector w is in Span{w, v} if and only if {u, v, w} is linearly dependent.

X3

Linearly dependent, Linearly independent,
w in Span{u, v} W not in Span{u, v}
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Let p1(t) = 1, p2(t) = ¢, and p3(¢) =2 —¢. Then {p1,ps, ps} is
linearly dependent in P because p3 = 2p; — po.
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If a set contains more vectors than there are entries in each vector,
then the set is linealy dependent.
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If a set contains more vectors than there are entries in each vector,
then the set is linealy dependent. That is, any set {vy,...,v,} in
R"™ is linearly dependent if p > n.
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Theorem

If a set contains more vectors than there are entries in each vector,
then the set is linealy dependent. That is, any set {v;,...,v,} in
R™ is linearly dependent if p > n.

Theorem

If a set S = {v;,...,v,} contains the zero vector, then the set is
linearly dependent.
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Theorem

If a set contains more vectors than there are entries in each vector,
then the set is linealy dependent. That is, any set {v;,...,v,} in
R™ is linearly dependent if p > n.

Theorem

If a set S = {v;,...,v,} contains the zero vector, then the set is
linearly dependent.

Invertible Matrix Theorem

A is invertible if and only if the columns of A form a linearly
independent set.
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@ Basis and the Spanning Set Theorem



Basis and the Spanning Set Theorem
0®0000

Let H be a subspace of a vector space V. An indexed set of
vectors B = {by,...,b,} in V is a basis for H if

@ B is a linearly independent set
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Let H be a subspace of a vector space V. An indexed set of
vectors B = {by,...,b,} in V is a basis for H if

@ B is a linearly independent set
@ The subspace spanned by B coincides with H, that is

H = Span{by,...,b,}
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Let H be a subspace of a vector space V. An indexed set of
vectors B = {by,...,b,} in V is a basis for H if

@ B is a linearly independent set
@ The subspace spanned by B coincides with H, that is

H = Span{by,...,b,}

@ This applies to the case when H = V.
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Let A be an invertible n x n matrix. Then the columns of A form a
basis for R™.
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Let A be an invertible n x n matrix. Then the columns of A form a

basis for R".
Let ey, ..., e, be the columns of the n X n identity matrix I,,.
That is
1 0 0
0 1 0
€1 = , €2 = | s y €n =
0 0 1

The set {ey,...,e,} is called the standard basis for R".
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3 —4 —2

Let v; = [0 ,v9=| 1 | andv3= | 1 |. Determine if
6 7 5)

{v1, vy, v3} is a basis for R?.
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The Spanning Set Theorem

Let S ={vy,...,v,} beasetinV, and let

H = Span{vy,...,v,}.

Q@ If one of the vectors in S -say, vi- is a linear combination of
the remaining vectors in S, then the set formed from S by
removing vy, still spans H.

Q@ |If H # {0}, some subset of S is a basis for H.
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© Bases for NulA and ColA



Bases for NulA and Col A

Bases for NulA and ColA

Find a basis for the null space of the matrix

-3 6 -1 1 -7
A=1]1 -2 2 3 -1

2 -4 5 8 —4
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Bases for NulA and ColA

Find a basis for the null space of the matrix

-3 6 -1 1 -7
A=1]1 -2 2 3 -1
2 -4 5 8 —4

1 -2 0 -1 3 O
SOLUTION A~ |0 0 1 2 =2 0
0O 0 0 0 0 0
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Bases for NulA and ColA

Find a basis for the null space of the matrix

-3 6 -1 1 -7
A=1]1 -2 2 3 -1
2 -4 5 8 —4

1 -2 0 -1
SOLUTION A~ [0 O 1 2

—2 0 Write the corresponding linear
0 0 0 O
T —2.ZC2 —X4 +33§'5 = 0
system r3 +2x4 —2x5 =0
0

0



Bases for NulA and Col A

Find a basis for ColB, where

\}

B=[b - by =

oo o~
oo on
oo~ o
oo |

o~ oo




Bases for NulA and Col A

It can be shown that the matrix

1 4020
312155
A=laras]= 15 ¢ | 39
59 2 8 8

is row equivalent to the matrix B. Find a basis for Col A.
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The pivot columns of a matrix A form a basis for ColA.
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The pivot columns of a matrix A form a basis for ColA.

@ The pivot columns of a matrix A are evident when A has been
reduced to only echelon form.
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The pivot columns of a matrix A form a basis for ColA.

@ The pivot columns of a matrix A are evident when A has been
reduced to only echelon form.

@ But, be careful, one should use the pivot columns of A itself
for the basis of ColA.
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The pivot columns of a matrix A form a basis for ColA.

@ The pivot columns of a matrix A are evident when A has been
reduced to only echelon form.

@ But, be careful, one should use the pivot columns of A itself
for the basis of ColA.

@ Row operations can change the column space of a matrix.
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Two Views of a Basis
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Two Views of a Basis
@ A basis is a spanning set that is as small as possible.
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Two Views of a Basis
@ A basis is a spanning set that is as small as possible.

@ A basis is also a linearly independent set that is as large as
possible.
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Two Views of a Basis
@ A basis is a spanning set that is as small as possible.

@ A basis is also a linearly independent set that is as large as

possible.
1 2 1 2 4 1 2 4 7
01,13 0f.[3].]5 01, 13(.|5]]38
0 0 0 0 6 0 0 6 9
Linearly indcpcndcn} A basis Spans R? but is

but does not span R~ for R? linearly dependent
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Exercises

Q@ Lletv,=|2 | andwvy= | 7 |. Determine if {vy, vy} is a basis for R.
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Exercises

Q@ Lletv,=|2 | andwvy= | 7 |. Determine if {vy, vy} is a basis for R.
-3 6
Is {v;,v,} a basis for R??
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Exercises

1 —2
Q@ Lletv,=|2 | andwvy= | 7 |. Determine if {vy, vy} is a basis for R.
-3 6
Is {v1, v} a basis for R2?
[ 1] 6 2 —4
Q letv,=|-3|,v9=1|2|,v3=|—2| and vy, = |—8]|. Find a basis
4 —1 3 9

for the subspace W spanned by {vy, vs, v3, v4}.
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Exercises

Q Lletwv, = Vg = and H = s|:sinR 3. Is {vy,v5} a basis

oSO =
O = O

for H?
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