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Example

Let A =

[
3 −2
1 0

]
, u =

[
−1
1

]
and v =

[
2
1

]
. Compute Au and Av.

(LJHQYDOXHV DQG (LJHQYHFWRUV

G\QDPLFDO� V\VWHP �RU� D GLVFUHWH� OLQHDU� G\QDPLFDO
V\VWHP��EHFDXVH�LW�GHVFULEHV�WKH�FKDQJHV�LQ�D�V\VWHP�DV
WLPH�SDVVHV�

7KH�����MXYHQLOH�VXUYLYDO�UDWH�LQ�WKH�/DPEHUVRQ�VWDJH
PDWUL[�LV�WKH�HQWU\�DIIHFWHG�PRVW�E\�WKH�DPRXQW�RI�ROG�
JURZWK�IRUHVW�DYDLODEOH� $FWXDOO\� ����RI� WKH� MXYHQLOHV
QRUPDOO\� VXUYLYH� WR� OHDYH� WKH� QHVW� EXW� LQ� WKH�:LOORZ
&UHHN�UHJLRQ�RI�&DOLIRUQLD�VWXGLHG�E\�/DPEHUVRQ�DQG�KLV
FROOHDJXHV� RQO\�����RI�WKH�MXYHQLOHV�WKDW�OHIW�WKH�QHVW�ZHUH
DEOH�WR�ÀQG�QHZ�KRPH�UDQJHV� 7KH�UHVW�SHULVKHG�GXULQJ�WKH
VHDUFK�SURFHVV�

$ VLJQLÀFDQW�UHDVRQ�IRU�WKH�IDLOXUH�RI�RZOV�WR�ÀQG�QHZ
KRPH�UDQJHV�LV�WKH�LQFUHDVLQJ�IUDJPHQWDWLRQ�RI�ROG�JURZWK
WLPEHU�VWDQGV�GXH� WR�FOHDU�FXWWLQJ�RI�VFDWWHUHG�DUHDV�RQ
WKH�ROG�JURZWK�ODQG� :KHQ�DQ�RZO�OHDYHV�WKH�SURWHFWLYH
FDQRS\�RI�WKH�IRUHVW�DQG�FURVVHV�D�FOHDU�FXW�DUHD� WKH�ULVN�RI
DWWDFN�E\�SUHGDWRUV�LQFUHDVHV�GUDPDWLFDOO\� 6HFWLRQ ����ZLOO
VKRZ�WKDW�WKH�PRGHO�GHVFULEHG�DERYH�SUHGLFWV�WKH�HYHQWXDO
GHPLVH�RI�WKH�VSRWWHG�RZO� EXW�WKDW�LI�����RI�WKH�MXYHQLOHV
ZKR�VXUYLYH�WR�OHDYH�WKH�QHVW�DOVR�ÀQG�QHZ�KRPH�UDQJHV�
WKHQ�WKH�RZO�SRSXODWLRQ�ZLOO�WKULYH�

WEB

7KH�JRDO�RI�WKLV�FKDSWHU�LV�WR�GLVVHFW�WKH�DFWLRQ�RI�D�OLQHDU�WUDQVIRUPDWLRQ [ 7!A[ LQWR�HO�
HPHQWV�WKDW�DUH�HDVLO\�YLVXDOL]HG� ([FHSW�IRU�D�EULHI�GLJUHVVLRQ�LQ�6HFWLRQ ���� DOO�PDWULFHV
LQ�WKH�FKDSWHU�DUH�VTXDUH� 7KH�PDLQ�DSSOLFDWLRQV�GHVFULEHG�KHUH�DUH�WR�GLVFUHWH�G\QDPLFDO
V\VWHPV� LQFOXGLQJ�WKH�VSRWWHG�RZOV�GLVFXVVHG�DERYH� +RZHYHU� WKH�EDVLF�FRQFHSWV³
HLJHQYHFWRUV� DQG�HLJHQYDOXHV³DUH�XVHIXO� WKURXJKRXW�SXUH� DQG�DSSOLHG�PDWKHPDWLFV�
DQG�WKH\�DSSHDU�LQ�VHWWLQJV�IDU�PRUH�JHQHUDO�WKDQ�ZH�FRQVLGHU�KHUH� (LJHQYDOXHV�DUH�DOVR
XVHG� WR�VWXG\�GLIIHUHQWLDO�HTXDWLRQV�DQG FRQWLQXRXV G\QDPLFDO�V\VWHPV� WKH\�SURYLGH
FULWLFDO� LQIRUPDWLRQ� LQ� HQJLQHHULQJ� GHVLJQ� DQG� WKH\� DULVH� QDWXUDOO\� LQ� ÀHOGV� VXFK� DV
SK\VLFV�DQG�FKHPLVWU\�

$OWKRXJK�D�WUDQVIRUPDWLRQ [ 7!A[PD\�PRYH�YHFWRUV�LQ�D�YDULHW\�RI�GLUHFWLRQV� LW�RIWHQ
KDSSHQV�WKDW�WKHUH�DUH�VSHFLDO�YHFWRUV�RQ�ZKLFK�WKH�DFWLRQ�RI A LV�TXLWH�VLPSOH�
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(IIHFWV�RI�PXOWLSOLFDWLRQ�E\ A�

$V�DQRWKHU�H[DPSOH� UHDGHUV�RI�6HFWLRQ ����ZLOO�UHFDOO�WKDW�LIA LV�D�VWRFKDVWLF�PDWUL[�
WKHQ�WKH�VWHDG\�VWDWH�YHFWRU T IRU A VDWLVÀHV�WKH�HTXDWLRQ A[ D [� 7KDW�LV� AT D 1 " T�
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Some Problems Eigenvector and Eigenvalue

Eigenvector and Eigenvalue

Definition
An eigenvector of an n× n matrix A is a nonzero vector x
such that Ax = λx for some scalar λ.

A scalar λ is called an eigenvalue of A if there is a nontrivial
solution x of Ax = λx;

such an x is called an eigenvector corresponding to λ.
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Example

Let A =

[
1 6
5 2

]
, u =

[
6
−5

]
and v =

[
3
−2

]
.

Are u and v eigenvectors of A?

Show that 7 is an eigenvalue and find the corresponding
eigenvectors.
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Eigenspace

A scalar λ is an eigenvalue of an n× n matrix A if and only if the
equation

(A− λI)x = 0

has a nontrivial solution.

The set of all solutions is just the null space of A− λI.

This set is a subspace of Rn and is called the eigensapce of A
corresponding to λ.

The eigenspace consists of the zero vector and all the
eigenvectors corresponding to λ.



Some Problems Eigenvector and Eigenvalue

Eigenspace

A scalar λ is an eigenvalue of an n× n matrix A if and only if the
equation

(A− λI)x = 0

has a nontrivial solution.

The set of all solutions is just the null space of A− λI.

This set is a subspace of Rn and is called the eigensapce of A
corresponding to λ.

The eigenspace consists of the zero vector and all the
eigenvectors corresponding to λ.



Some Problems Eigenvector and Eigenvalue

Eigenspace

A scalar λ is an eigenvalue of an n× n matrix A if and only if the
equation

(A− λI)x = 0

has a nontrivial solution.

The set of all solutions is just the null space of A− λI.

This set is a subspace of Rn and is called the eigensapce of A
corresponding to λ.

The eigenspace consists of the zero vector and all the
eigenvectors corresponding to λ.



Some Problems Eigenvector and Eigenvalue

Eigenspace

A scalar λ is an eigenvalue of an n× n matrix A if and only if the
equation

(A− λI)x = 0

has a nontrivial solution.

The set of all solutions is just the null space of A− λI.

This set is a subspace of Rn and is called the eigensapce of A
corresponding to λ.

The eigenspace consists of the zero vector and all the
eigenvectors corresponding to λ.



Some Problems Eigenvector and Eigenvalue

Example

Let A =

4 −1 6
2 1 6
2 −1 8

. An eigenvalue of A is 2. Find a basis for the

corresponding eigenspace.

Solution:

A− 2I =

2 −1 6
2 −1 6
2 −1 6

 ∼
2 −1 6
0 0 0
0 0 0


A basis is


12
0

 ,
−30

1

.
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(LJHQYHFWRUV DQG (LJHQYDOXHV

$W� WKLV� SRLQW� LW� LV� FOHDU� WKDW� �� LV� LQGHHG� DQ� HLJHQYDOXH� RI A EHFDXVH� WKH� HTXDWLRQ
.A ! 2I /[ D � KDV�IUHH�YDULDEOHV� 7KH�JHQHUDO�VROXWLRQ�LV
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Eigenspace for ! " 2

Multiplication by A

x2

x1

x3

Eigenspace for ! " 2

x2

x1

x3

A DFWV�DV�D�GLODWLRQ�RQ�WKH�HLJHQVSDFH�

([DPSOH� �� VKRZV� D� JRRG�PHWKRG� IRU�PDQXDO� FRPSXWDWLRQ� RI� HLJHQYHFWRUV� LQ
VLPSOH�FDVHV�ZKHQ�DQ�HLJHQYDOXH� LV�NQRZQ� 8VLQJ�D�PDWUL[�SURJUDP�DQG� URZ
UHGXFWLRQ�WR�ÀQG�DQ�HLJHQVSDFH��IRU�D�VSHFLÀHG�HLJHQYDOXH��XVXDOO\�ZRUNV� WRR�
EXW�WKLV�LV�QRW�HQWLUHO\�UHOLDEOH� 5RXQGRII�HUURU�FDQ�OHDG�RFFDVLRQDOO\�WR�D�UHGXFHG
HFKHORQ� IRUP�ZLWK� WKH�ZURQJ� QXPEHU� RI� SLYRWV� 7KH� EHVW� FRPSXWHU� SURJUDPV
FRPSXWH� DSSUR[LPDWLRQV� IRU� HLJHQYDOXHV� DQG� HLJHQYHFWRUV� VLPXOWDQHRXVO\� WR
DQ\� GHVLUHG� GHJUHH� RI� DFFXUDF\� IRU�PDWULFHV� WKDW� DUH� QRW� WRR� ODUJH� 7KH� VL]H
RI�PDWULFHV� WKDW�FDQ�EH�DQDO\]HG� LQFUHDVHV�HDFK�\HDU�DV�FRPSXWLQJ�SRZHU�DQG
VRIWZDUH�LPSURYH�

7KH�IROORZLQJ�WKHRUHP�GHVFULEHV�RQH�RI�WKH�IHZ�VSHFLDO�FDVHV�LQ�ZKLFK�HLJHQYDOXHV
FDQ�EH�IRXQG�SUHFLVHO\� &DOFXODWLRQ�RI�HLJHQYDOXHV�ZLOO�DOVR�EH�GLVFXVVHG�LQ�6HFWLRQ�����

7KH�HLJHQYDOXHV�RI�D�WULDQJXODU�PDWUL[�DUH�WKH�HQWULHV�RQ�LWV�PDLQ�GLDJRQDO�

)RU�VLPSOLFLW\� FRQVLGHU�WKH 3 " 3 FDVH� ,I A LV�XSSHU�WULDQJXODU� WKHQ A ! !I
KDV�WKH�IRUP

A ! !I D
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5 !
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0 ! 0
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Example

If n× n matrix A satisfies A2 = A. Show that A only has
eigenvalues 0 or 1
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Invertible Matrix Theorem (continued)

Matrix A is invertible if and only if

0 is not an eigenvalue of A
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Theorem
If v1, . . . , vr are eigenvectors that correspond to distinct
eigenvalues λ1, . . . , λr of an n× n matrix A, then the set
{v1, . . . , vr} is linearly independent.
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Questions

How to find the eigenvalues of a matrix?

Are there enough linearly independent eigenvectors to span
Rn, or to form a basis of Rn?
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