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Purpose

@ We want to extend the geometric concepts of length, distance
and perpendicularity, defined on R? and R?, to R".
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Inner Product

o If u,v € R", we regard them as n X 1 matrices, then ulvisa

scalar.
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Inner Product

o If u,v € R", we regard them as n X 1 matrices, then ulvisa

scalar.

Definition

The number u”v is called the inner product of w and v, and
often it is written as w - v. It is also referred to as a dot product.
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then the inner product of w and v is
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Compute u-vand v-u foru= |—5| andv = | 2




Inner Product
oooooe

Let u,v and w be vectors in R", and let ¢ be a scalar.
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Let u,v and w be vectors in R", and let ¢ be a scalar. Then
Q u-v=v-u

Q@ (utv) w=u-w+v w

Q@ (cu) - v=c(u-v)=u-(cv)

@ u-u>0,andu-u=0ifandonly if u =0

@ Generalization?
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© Length of a Vector



The length (or norm) of v is the nonnegative scalar ||v|| defined by
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The length (or norm) of v is the nonnegative scalar ||v|| defined by

lol = Voo = yfo2 4 o402

@ A vector whose length is 1 is called a unit vector.
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The length (or norm) of v is the nonnegative scalar ||v|| defined by

lol = Voo = yfo2 4 o402

@ A vector whose length is 1 is called a unit vector.

@ Normalizing — If we divide a nonzero vector v by its length,
we obtain a unit vector w.
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Properties of Length
@ positivity
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Properties of Length
@ positivity
@ scalability
@ triangular inequality

(a, b)
Va? + b?

bl

lal 0 1
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Let v = [1 -2 2 O]T. Find a unit vector w in the same direction
as v
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For u and v in R", the distance between u and v, written as
dist(u, v), is the length of the vector u — v.

dist(u,v) = ||u — v||
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For u and v in R", the distance between u and v, written as
dist(u, v), is the length of the vector u — v.

dist(u,v) = ||u — v||
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Let u = (U1,U2,U3) and v = (Ul,?]g,vg,), then

dist(u, v)
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Let u = (U1,U2,U3) and v = (Ul,?]g,vg,), then

dist(u,v) = ||u—v| =+/(u—v)-(u—v)




Let u = (U1,U2,U3) and v = (Ul,?]g,vg,), then

dist(u,v) = ||u—v| =+/(u—v)-(u—v)
= \/(u1 — U1)2 ar (UQ — 1)2)2 RN (U3 — Ug)2
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Orthogonal Vectors

la - vl

llu—(=v)l

Orthogonal

O®@000000

Consider R? or R3. Two
lines (vectors) are
geometrically
perpendicular if and only if
the distance from u to v is
the same as the distance
from u to —w.
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Definition

Two vectors w and v in R" are orthogonal (to each other) if
u-v=0.

[dist(a, )" = Ju— ()] = u + |

(u+v)-(u+v)

u-(u4v)+v-(u+v) Theorem 1(b)

W4 wv 4 Va4 vey  Theorem 1.0 [diSE(W, VI = [[u* + | = v[* + 2u- (—v)

) + [[v]> + 2u-v Theorem 1(a) = Hu”2 + Hv”2 —2u-v
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Definition

Two vectors w and v in R" are orthogonal (to each other) if
u-v=0.

@ Zero vector is orthogonal to every vector.



The Pythagorean Theorem
Two vectors u and v are orthogonal if and only if
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The Pythagorean Theorem
Two vectors w and v are orthogonal if and only if
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@ If a vector z is orthogonal to every vector in a subspace W of
R"™, then z is said to be orthogonal to V.
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The Pythagorean Theorem
Two vectors w and v are orthogonal if and only if

lw +v|* = fJul® + ||

@ If a vector z is orthogonal to every vector in a subspace W of
R"™, then z is said to be orthogonal to V.

@ The set of all vectors that are orthogonal to W is called the
orthogonal complement of W, and is denoted by W
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Properties of T+

@ A vector x is in W= if and only if « is orthogonal to every
vector in a set that spans W.
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Properties of W+

@ A vector x is in W= if and only if « is orthogonal to every
vector in a set that spans W.

e W+ is a subspace of R”.

\. v
L
L "W.
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Theorem

Let A be an m X n matrix. The orthogonal complement of the row
space of A is the null space of A, and the orthogonal complement
of the column space of A is the null space of A”:

(RowA)™ = Nul4 and (ColA)* = NulA”
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Exercises

@ Find a unit vector in the direction of the given vector.

nll
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Exercises

@ Find a unit vector in the direction of the given vector.
7/4
|
1

@ Find the distance between x = [i%] and y = [:é]
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Exercises

@ Telling True or False.

_ 2

- v = [of*

- For a square matrix A, vectors in ColA are orthogonal to vectors in
Nul A.

- If vectors vy, -+ , v, span a subspace W and if = is orthogonal to

each v; for j =1,--- p, then & is in W+
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