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Inner Product Length of a Vector Orthogonal

Purpose

We want to extend the geometric concepts of length, distance
and perpendicularity, defined on R2 and R3, to Rn.



Inner Product Length of a Vector Orthogonal

Inner Product

If u,v ∈ Rn, we regard them as n× 1 matrices, then uTv is a
scalar.

Definition

The number uTv is called the inner product of u and v, and
often it is written as u · v. It is also referred to as a dot product.
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If

u =


u1
u2
...
un

 , v =


v1
v2
...
vn


then the inner product of u and v is

u · v = uTv =
[
u1 u2 · · · un

] 
v1
v2
...
vn

 =
n∑

i=1

uivi
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Example

Compute u · v and v · u for u =

 2
−5
−1

 and v =

 3
2
−3





Inner Product Length of a Vector Orthogonal

Theorem
Let u,v and w be vectors in Rn, and let c be a scalar.

Then
a) u · v = v · u
b) (u+ v) ·w = u ·w + v ·w
c) (cu) · v = c(u · v) = u · (cv)
d) u · u ≥ 0, and u · u = 0 if and only if u = 0

Generalization?
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Length

Definition

The length (or norm) of v is the nonnegative scalar ‖v‖ defined by

‖v‖ =
√
v · v

=
√
v21 + · · ·+ v2n

A vector whose length is 1 is called a unit vector.

Normalizing – If we divide a nonzero vector v by its length,
we obtain a unit vector u.
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Properties of Length

positivity

scalability

triangular inequality
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kcYk D jcjkYk

�7R�VHH�WKLV� FRPSXWH kcYk2 D .cY/! .cY/ D c2Y!Y D c2kYk2 DQG�WDNH�VTXDUH�URRWV��
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Example

Let v =
[
1 −2 2 0

]T
. Find a unit vector u in the same direction

as v
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Distance

-Very Important

For u and v in Rn, the distance between u and v, written as
dist(u,v), is the length of the vector u− v.

dist(u,v) = ‖u− v‖
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Orthogonal Vectors

,QQHU 3URGXFW� /HQJWK� DQG 2UWKRJRQDOLW\

)RU X DQG Y LQ Rn� WKH GLVWDQFH�EHWZHHQ�X�DQG�Y� ZULWWHQ�DV GLVW.X; Y/� LV� WKH
OHQJWK�RI�WKH�YHFWRU X ! Y� 7KDW�LV�

GLVW.X; Y/ D kX ! Yk

,Q R2 DQG R3� WKLV�GHÀQLWLRQ�RI�GLVWDQFH�FRLQFLGHV�ZLWK�WKH�XVXDO�IRUPXODV�IRU�WKH
(XFOLGHDQ�GLVWDQFH�EHWZHHQ�WZR�SRLQWV� DV�WKH�QH[W�WZR�H[DPSOHV�VKRZ�

&RPSXWH�WKH�GLVWDQFH�EHWZHHQ�WKH�YHFWRUV X D .7; 1/ DQG Y D .3; 2/�

&DOFXODWH

X ! Y D
!

7
1

"
!
!

3
2

"
D
!

4
!1

"

kX ! Yk D
p

42 C .!1/2 D
p

17

7KH�YHFWRUV X� Y� DQG X ! Y DUH�VKRZQ�LQ�)LJXUH �� :KHQ�WKH�YHFWRU X ! Y LV�DGGHG
WR Y� WKH�UHVXOW�LV X� 1RWLFH�WKDW�WKH�SDUDOOHORJUDP�LQ�)LJXUH ��VKRZV�WKDW�WKH�GLVWDQFH
IURP X WR Y LV�WKH�VDPH�DV�WKH�GLVWDQFH�IURP X ! Y WR ��

||u – v||

x1

x2

v

u

u – v

–v

1

1

7KH�GLVWDQFH�EHWZHHQ X DQG Y LV
WKH�OHQJWK�RI X ! Y�

,I X D .u1; u2; u3/ DQG Y D .v1; v2; v3/� WKHQ

GLVW.X; Y/ D kX ! Yk D
p

.X ! Y/!.X ! Y/

D
p

.u1 ! v1/2 C .u2 ! v2/2 C .u3 ! v3/2

2UWKRJRQDO 9HFWRUV
7KH�UHVW�RI�WKLV�FKDSWHU�GHSHQGV�RQ�WKH�IDFW�WKDW�WKH�FRQFHSW�RI�SHUSHQGLFXODU�OLQHV�LQ

||u –(– v)||

||u – v||

v

0

u

–v

RUGLQDU\�(XFOLGHDQ�JHRPHWU\�KDV�DQ�DQDORJXH�LQ Rn�
&RQVLGHU R2 RU R3 DQG�WZR�OLQHV�WKURXJK�WKH�RULJLQ�GHWHUPLQHG�E\�YHFWRUV X DQG

Y� 7KH�WZR�OLQHV�VKRZQ�LQ�)LJXUH ��DUH�JHRPHWULFDOO\�SHUSHQGLFXODU�LI�DQG�RQO\�LI�WKH
GLVWDQFH� IURP X WR Y LV� WKH� VDPH�DV� WKH�GLVWDQFH� IURP X WR !Y� 7KLV� LV� WKH� VDPH�DV
UHTXLULQJ�WKH�VTXDUHV�RI�WKH�GLVWDQFHV�WR�EH�WKH�VDPH� 1RZ

Œ GLVW.X; !Y/ !
2 D kX ! .!Y/k2 D kX C Yk2

D .X C Y/! .X C Y/

D X!.X C Y/ C Y! .X C Y/ 7KHRUHP ��E�
D X!X C X!Y C Y!X C Y!Y 7KHRUHP ��D�� �E�

D kXk2 C kYk2 C 2X!Y 7KHRUHP ��D� ���

6(&21' 5(9,6(' 3$*(6

Consider R2 or R3. Two
lines (vectors) are
geometrically
perpendicular if and only if
the distance from u to v is
the same as the distance
from u to −v.



Inner Product Length of a Vector Orthogonal

Definition

Two vectors u and v in Rn are orthogonal (to each other) if
u · v = 0.

Zero vector is orthogonal to every vector.
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Definition

Two vectors u and v in Rn are orthogonal (to each other) if
u · v = 0.
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Inner Product Length of a Vector Orthogonal

The Pythagorean Theorem

Two vectors u and v are orthogonal if and only if

‖u+ v‖2 = ‖u‖2 + ‖v‖2

If a vector z is orthogonal to every vector in a subspace W of
Rn, then z is said to be orthogonal to W .

The set of all vectors that are orthogonal to W is called the
orthogonal complement of W , and is denoted by W⊥.



Inner Product Length of a Vector Orthogonal

The Pythagorean Theorem

Two vectors u and v are orthogonal if and only if

‖u+ v‖2 = ‖u‖2 + ‖v‖2

If a vector z is orthogonal to every vector in a subspace W of
Rn, then z is said to be orthogonal to W .

The set of all vectors that are orthogonal to W is called the
orthogonal complement of W , and is denoted by W⊥.



Inner Product Length of a Vector Orthogonal

The Pythagorean Theorem

Two vectors u and v are orthogonal if and only if
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Properties of W⊥

A vector x is in W⊥ if and only if x is orthogonal to every
vector in a set that spans W .

W⊥ is a subspace of Rn.
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Properties of W⊥

A vector x is in W⊥ if and only if x is orthogonal to every
vector in a set that spans W .

W⊥ is a subspace of Rn.
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Theorem
Let A be an m× n matrix. The orthogonal complement of the row
space of A is the null space of A, and the orthogonal complement
of the column space of A is the null space of AT :

(RowA)⊥ = NulA and (ColA)⊥ = NulAT

,QQHU 3URGXFW� /HQJWK� DQG 2UWKRJRQDOLW\

A

0 0

Row A

Nul A

Col A

Nul A
T

7KH�IXQGDPHQWDO�VXEVSDFHV�GHWHUPLQHG
E\�DQ m ! n PDWUL[ A�

5HPDUN� $ FRPPRQ�ZD\� WR�SURYH� WKDW� WZR�VHWV� VD\ S DQG T � DUH�HTXDO� LV� WR� VKRZ
WKDW S LV� D� VXEVHW� RI T DQG T LV� D� VXEVHW� RI S � 7KH�SURRI� RI� WKH�QH[W� WKHRUHP� WKDW
1XO A D �5RZ A�? LV�HVWDEOLVKHG�E\�VKRZLQJ�WKDW�1XO A LV�D�VXEVHW�RI��5RZ A�? DQG
�5RZA�? LV�D�VXEVHW�RI�1XOA� 7KDW�LV� DQ�DUELWUDU\�HOHPHQW [ LQ�1XOA LV�VKRZQ�WR�EH�LQ
�5RZ A�?� DQG�WKHQ�DQ�DUELWUDU\�HOHPHQW [ LQ��5RZ A�? LV�VKRZQ�WR�EH�LQ�1XO A�

/HW A EH�DQ m ! n PDWUL[� 7KH�RUWKRJRQDO�FRPSOHPHQW�RI�WKH�URZ�VSDFH�RI A LV
WKH�QXOO�VSDFH�RI A� DQG�WKH�RUWKRJRQDO�FRPSOHPHQW�RI�WKH�FROXPQ�VSDFH�RI A LV
WKH�QXOO�VSDFH�RI AT �

.5RZA/? D 1XOA DQG .&ROA/? D 1XOAT

7KH�URZ²FROXPQ�UXOH�IRU�FRPSXWLQJ A[ VKRZV�WKDW�LI [ LV�LQ 1XOA� WKHQ [ LV
RUWKRJRQDO�WR�HDFK�URZ�RI A �ZLWK�WKH�URZV�WUHDWHG�DV�YHFWRUV�LQ Rn/� 6LQFH�WKH�URZV
RI A VSDQ�WKH�URZ�VSDFH� [ LV�RUWKRJRQDO�WR 5RZA� &RQYHUVHO\� LI [ LV�RUWKRJRQDO�WR
5RZA� WKHQ [ LV�FHUWDLQO\�RUWKRJRQDO�WR�HDFK�URZ�RI A� DQG�KHQFH A[ D �� 7KLV�SURYHV
WKH�ÀUVW�VWDWHPHQW�RI�WKH�WKHRUHP� 6LQFH�WKLV�VWDWHPHQW�LV�WUXH�IRU�DQ\�PDWUL[� LW�LV�WUXH
IRU AT � 7KDW�LV� WKH�RUWKRJRQDO�FRPSOHPHQW�RI�WKH�URZ�VSDFH�RI AT LV�WKH�QXOO�VSDFH�RI
AT � 7KLV�SURYHV�WKH�VHFRQG�VWDWHPHQW� EHFDXVH 5RZAT D &ROA�

$QJOHV LQ R2 DQG R3 �2SWLRQDO�
,I X DQG Y DUH�QRQ]HUR�YHFWRUV�LQ�HLWKHUR2 RUR3� WKHQ�WKHUH�LV�D�QLFH�FRQQHFWLRQ�EHWZHHQ
WKHLU�LQQHU�SURGXFW�DQG�WKH�DQJOH # EHWZHHQ�WKH�WZR�OLQH�VHJPHQWV�IURP�WKH�RULJLQ�WR�WKH
SRLQWV�LGHQWLÀHG�ZLWK X DQG Y� 7KH�IRUPXOD�LV

X!Y D kXk kYk FRV# ���

7R�YHULI\�WKLV�IRUPXOD�IRU�YHFWRUV�LQ R2� FRQVLGHU�WKH�WULDQJOH�VKRZQ�LQ�)LJXUH �� ZLWK
VLGHV�RI�OHQJWKV kXk� kYk� DQG kX " Yk� %\�WKH�ODZ�RI�FRVLQHV�

kX " Yk2 D kXk2 C kYk2 " 2kXk kYk FRV#

(u1, u2)

(v1, v2)

||u – v||

||v||

||u|| !

7KH�DQJOH�EHWZHHQ�WZR�YHFWRUV�

6(&21' 5(9,6(' 3$*(6

(RowA)⊥ = NulA and (ColA)⊥ = NulAT
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Exercises

Find a unit vector in the direction of the given vector.[−3
4

] [
7/4
1/2
1

]

Find the distance between x =

[
10
−3

]
and y =

[
−1
−5

]
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Exercises

Find a unit vector in the direction of the given vector.[−3
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1/2
1

]

Find the distance between x =
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10
−3

]
and y =

[
−1
−5
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Inner Product Length of a Vector Orthogonal

Exercises

Telling True or False.
- v · v = ‖v‖2.
- For a square matrix A, vectors in ColA are orthogonal to vectors in

NulA.
- If vectors v1, · · · ,vp span a subspace W and if x is orthogonal to

each vj for j = 1, · · · , p, then x is in W⊥.
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