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Orthogonal Set

Definition

A set of vectors {uy, . . ., u,} in R"is said to be an orthogonal set
if each pair of distinct vectors from the set is orthogonal, that is, if

w; - u; = 0 whenever i # j.




Example

Show that {wu;, us, u3} is an orthogonal set, where

3 ~1 ~1/2
U, — 1 , Uy = 2 , U3 = —2
1 1 7/2
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If S ={u1,...,u,} is an orthogonal set of nonzero vectors in R",
then S is linearly independent and hence is a basis for the
subspace spanned by S.

PROOF If0 = ¢ju; + --- 4 c,u,, for some scalas ¢y, ....c,, then
0=0-w = (e + callz + -+ 4 ¢pllp) Wy

= (cim)-m + (calla)=Uy + -+ + (Cplp )1y

crilly - W) + c2(lz- W) +--- + cp(p- W)

cpimy -1 )
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Orthogonal Basis

Definition
An orthogonal basis for a subspace W of R" is a basis for W that
is also an orthogonal set.
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Orthogonal Basis

Definition
An orthogonal basis for a subspace W of R" is a basis for W that
is also an orthogonal set.

@ An orthogonal basis is much nicer than other basis.



Let {uy,...,u,} be an orthogonal basis for a subspace W of R".
For each y € W, the weights in the linear combination

Yy =cup+- -+ cu,

are given by
Y- -u;

Cj =
Uu; - uj

(j=1,...,p)
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Orthogonal Projection
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Problem of Orthogonal Decomposition

Given a nonzero vector u € R", consider the problem of
decomposing a vector y € R” into the sum of two vectors, one a
multiple of w and the other orthogonal to wu.
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Problem of Orthogonal Decomposition

Given a nonzero vector u € R", consider the problem of
decomposing a vector y € R” into the sum of two vectors, one a
multiple of w and the other orthogonal to u.Write

Yy=9y-+=z

where y = au for some scalar a and z is some vector orthogonal
to u.
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Orthogonal Projection

The vector ¥ is called the orthogonal projection of y onto wu,
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Orthogonal Projection

The vector ¥ is called the orthogonal projection of y onto wu,
and the vector z is called the component of y orthogonal to u.

@ Consider the orthogonal projection of y onto cu.

@ Sometimes ¥ is denoted by proj.y and is called the
orthogonal projection of y onto L.

. . y -u =y—-§¥ .
Y =proj,y = —u K

W ¥ = projyy
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Let y = [g] and u = [;l] Find the orthogonal projection of y on
to span{u}.
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Orthonormal Sets

o Aset {ui,...,u,} is an orthonormal set if it is an
orthogonal set of unit vectors.
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o Aset {ui,...,u,} is an orthonormal set if it is an

orthogonal set of unit vectors.

o If W is the subspace spanned by such a set, then {uy,...,u,}
is an orthonormal basis for 1.




Orthonormal Sets

o Aset {ui,...,u,} is an orthonormal set if it is an
orthogonal set of unit vectors.

o If W is the subspace spanned by such a set, then {uy,...,u,}
is an orthonormal basis for V.

@ The standard basis {ey,...,e,} is an orthonormal basis.
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Check that
3/V11] [-1/v6] [-1//66
1/vV11|, | 2/v6 |, |—4/v/66
1/V11] | 1/V6 7/7/66

form an orthonormal basis of R3.

V-V, =—3/+/66 +2/3/66 + 1/+/66 =0 viev =910 + /11 +1/11 =1
Vi-va = —3/+/726 — 4/v726 + 7/ 726 = 0 VooV, = 1/6+4/6+1/6=1

Vaevs = 1/4/396 — 8/+/396 + 7//396 =0 Vi-Vy = 1/66 + 16/66 4+ 49/66 = 1



Orthonormal Sets
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An m x n matrix U has orthonormal columns if and only if
Ul = 1.

"u{—‘ "u{u] ufu, u{u;—‘
U =u [[w w w]=|dy oo ol

ul wu wiu, ulus



An m x n matrix U has orthonormal columns if and only if
Ul = 1.

Theorem
Let U be an m X n matrix with orthonormal columns, and let a
and y be in R". Then

o ||Ux| = |||
o (Uzx) - (Uy) =z-y
o (Ux)-(Uy)=0ifandonlyifx-y =0




An m x n matrix U has orthonormal columns if and only if
Ul = 1.

Theorem

Let U be an m X n matrix with orthonormal columns, and let a
and y be in R". Then

o ||Ux| = |||
o (Uzx) - (Uy) =z-y
o (Ux)-(Uy)=0ifandonlyifx-y =0

If U is a square matrix, it is called an orthogonal matrix.



Exercises

o Let u; = [_21/\/5? and uy = E?\/@ Show that {w;, us} is

an orthonormal basis for R2.

3 1
@ Let y = [4]| and uw = |1]|. Find the orthogonal projection y
5 1

of y onto wu.
@ Let U be an n X n orthogonal matrix. Show that det U = =+1.
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