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The Gram-Schmidt Process

Given a basis {x1, . . . ,xp} for a nonzero subspace W of Rn, define

v1 = x1

v2 = x2−x2·v1

v1·v1
v1

v3 = x3−x3·v1

v1·v1
v1 − x3·v2

v2·v2
v2

...
vp = xp−xp·v1

v1·v1
v1 − xp·v2

v2·v2
v2 − · · · − xp·vp−1

vp−1·vp−1
vp−1

Then {v1, . . . ,vp} is an orthogonal basis for W . And

Span{v1, . . . ,vk} = Span{x1, . . . ,xk} for 1 ≤ k ≤ p
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Example

1) Let W =Span{x1,x2}, where x1 =

36
0

 and x2 =

12
2

.

Construct an orthogonal basis for W .

2) Let x1 =


1
1
1
1

 ,x2 =


0
1
1
1

 and x3 =


0
0
1
1

. Then {x1,x2,x3}

is linearly independent and thus a basis for a subspace W of
R4. Construct an orthogonal basis for W .
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How to construct an orthonormal basis?

Example

Let W =Span{x1,x2}, where x1 =

36
0

 and x2 =

00
2

. Construct

an orthonormal basis for W .
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Exercises

1) Find an orthogonal basis for the column space of the matrix

A =


−1 6 5
3 −8 −5
1 −2 −1
1 −4 −3
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