
Linear Algebra

Singular Value Decomposition
Nooshin Maghsoodi

Noshirvani University



A representational view of matrices
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Inner Product = Dot product

Dot product = Row Vector * Column Vector = Scalar

DP =  scalar

1 2 3 4

5 
6 
7 
8

1*5 + 2*6 + 3*7 + 4*8 70

[1xn] [mx1] [1x1] (m=n)



Matrix multiplication
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The outer product

• What if we do matrix multiplication, but when the 
two matrices are a single column and row vector? 

• Output is a *matrix*, not a scalar. 

OP =  
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[mx1] [1xn] [mxn]



Remember this?



Singular Value Decomposition (SVD)

M = U ∑VT

Orthogonal Orthogonal

Diagonal
(“Rotate”) (“Rotate”)

(“Stretch”)



SVD

U VT∑ 

Output Scaling Input



A simple case
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û1 û2
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Product!



SVD can be interpreted as

• A sum of outer products!

• Decomposing the matrix into a sum of scaled 
outer products. 

• Key insight: The operations on respective 
dimensions stay separate from each other, all 
the way – through v, ∑ and u. 

• They are grouped, each operating on another 
piece of the input. 



Why does this perspective matter?
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Singular Value Decomposition

TVUA 

mm mn V is nn

For an m n matrix A of rank r there exists a factorization

(Singular Value Decomposition = SVD) as follows:

The columns of U are orthogonal eigenvectors of AAT. 

Its first r rows equal:

The columns of V are orthogonal eigenvectors of ATA.

ii  

 rdiag  ...1

Singular values of A

Eigenvalues 1 … r of AAT are the eigenvalues of ATA.

Assume they are arranged in decreasing order and 
r is rank of A



Singular Value Decomposition



Singular Value Decomposition



Singular Value Decomposition

• Illustration of SVD dimensions and sparseness



SVD example
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