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Vectors in R2

Vector
A ordered list of numbers

A matrix with only one column is called a
column vector, or simply a vector

First, consider vectors with two entries

x =

[
2
−1

]
u =

[
0.1
0

]
w =

[
w1

w2

]
R2: the set of all vectors with two entries.
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Linear Operations

Operations

Given two vectors u and v in R2,

Equality: they are equal if and only if their
corresponding entries are equal.

Sum: their sum is the vector u+ v obtained by
adding corresponding entries of u and v.

Scalar multiple: given a real number c, the
scalar multiple of u and c is the vector cu
obtained by multiplying each entry in u by c.
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Linear Operations

Example

Given u =

[
−1
2

]
and v =

[
2
4

]
, find 4u, (−2)v, and

4u+ (−2)v.



Geometric Descriptions of R2

Consider a rectangular coordinate system in the
plane.

each geometric point (a, b) ←→ the column

vector

[
a
b

]
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(b) Vectors with arrows



Geometric Descriptions of R2

Consider a rectangular coordinate system in the
plane. each geometric point (a, b) ←→ the column

vector

[
a
b

]

9HFWRU (TXDWLRQV

*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ
FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�

!
1

!2

"
C
!

2
5

"
D
!

1 C 2
!2 C 5

"
D
!

3
3

"

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
!

3
!1

"
DQG c D 5; WKHQ cX D 5

!
3

!1

"
D
!

15
!5

"

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
!

1
!2

"
DQG Y D

!
2

!5

"
� ÀQG 4X� .!3/Y� DQG 4X C .!3/Y�

4X D
!

4
!8

"
; .!3/Y D

!
!6
15

"

DQG

4X C .!3/Y D
!

4
!8

"
C
!

!6
15

"
D
!

!2
7

"

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
!

3
!1

"
LQ�WKH�IRUP .3; !1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; !1/ IURP�WKH 1 " 2 URZ�PDWUL[
#

3 !1
$
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV !
3

!1

"
¤
#

3 !1
$

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF 'HVFULSWLRQV RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
!

a
b

"
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJXUH ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

6(&21' 5(9,6(' 3$*(6

(a) Vectors as points

9HFWRU (TXDWLRQV

*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ
FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�

!
1

!2

"
C
!

2
5

"
D
!

1 C 2
!2 C 5

"
D
!

3
3

"

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
!

3
!1

"
DQG c D 5; WKHQ cX D 5

!
3

!1

"
D
!

15
!5

"

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
!

1
!2

"
DQG Y D

!
2

!5

"
� ÀQG 4X� .!3/Y� DQG 4X C .!3/Y�

4X D
!

4
!8

"
; .!3/Y D

!
!6
15

"

DQG

4X C .!3/Y D
!

4
!8

"
C
!

!6
15

"
D
!

!2
7

"

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
!

3
!1

"
LQ�WKH�IRUP .3; !1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; !1/ IURP�WKH 1 " 2 URZ�PDWUL[
#

3 !1
$
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV !
3

!1

"
¤
#

3 !1
$

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF 'HVFULSWLRQV RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
!

a
b

"
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJXUH ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

6(&21' 5(9,6(' 3$*(6

(b) Vectors with arrows



Geometric Descriptions of R2

Consider a rectangular coordinate system in the
plane. each geometric point (a, b) ←→ the column

vector

[
a
b

]

9HFWRU (TXDWLRQV

*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ
FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�

!
1

!2

"
C
!

2
5

"
D
!

1 C 2
!2 C 5

"
D
!

3
3

"

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
!

3
!1

"
DQG c D 5; WKHQ cX D 5

!
3

!1

"
D
!

15
!5

"

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
!

1
!2

"
DQG Y D

!
2

!5

"
� ÀQG 4X� .!3/Y� DQG 4X C .!3/Y�

4X D
!

4
!8

"
; .!3/Y D

!
!6
15

"

DQG

4X C .!3/Y D
!

4
!8

"
C
!

!6
15

"
D
!

!2
7

"

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
!

3
!1

"
LQ�WKH�IRUP .3; !1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; !1/ IURP�WKH 1 " 2 URZ�PDWUL[
#

3 !1
$
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV !
3

!1

"
¤
#

3 !1
$

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF 'HVFULSWLRQV RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
!

a
b

"
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJXUH ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

6(&21' 5(9,6(' 3$*(6

(a) Vectors as points

9HFWRU (TXDWLRQV

*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ
FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�

!
1

!2

"
C
!

2
5

"
D
!

1 C 2
!2 C 5

"
D
!

3
3

"

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
!

3
!1

"
DQG c D 5; WKHQ cX D 5

!
3

!1

"
D
!

15
!5

"

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
!

1
!2

"
DQG Y D

!
2

!5

"
� ÀQG 4X� .!3/Y� DQG 4X C .!3/Y�

4X D
!

4
!8

"
; .!3/Y D

!
!6
15

"

DQG

4X C .!3/Y D
!

4
!8

"
C
!

!6
15

"
D
!

!2
7

"

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
!

3
!1

"
LQ�WKH�IRUP .3; !1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; !1/ IURP�WKH 1 " 2 URZ�PDWUL[
#

3 !1
$
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV !
3

!1

"
¤
#

3 !1
$

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF 'HVFULSWLRQV RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
!

a
b

"
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJXUH ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

6(&21' 5(9,6(' 3$*(6

(b) Vectors with arrows



Geometric Descriptions of R2

Consider a rectangular coordinate system in the
plane. each geometric point (a, b) ←→ the column

vector

[
a
b

]

9HFWRU (TXDWLRQV

*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ
FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�

!
1

!2

"
C
!

2
5

"
D
!

1 C 2
!2 C 5

"
D
!

3
3

"

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
!

3
!1

"
DQG c D 5; WKHQ cX D 5

!
3

!1

"
D
!

15
!5

"

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
!

1
!2

"
DQG Y D

!
2

!5

"
� ÀQG 4X� .!3/Y� DQG 4X C .!3/Y�

4X D
!

4
!8

"
; .!3/Y D

!
!6
15

"

DQG

4X C .!3/Y D
!

4
!8

"
C
!

!6
15

"
D
!

!2
7

"

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
!

3
!1

"
LQ�WKH�IRUP .3; !1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; !1/ IURP�WKH 1 " 2 URZ�PDWUL[
#

3 !1
$
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV !
3

!1

"
¤
#

3 !1
$

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF 'HVFULSWLRQV RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
!

a
b

"
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJXUH ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

6(&21' 5(9,6(' 3$*(6

(a) Vectors as points

9HFWRU (TXDWLRQV

*LYHQ�WZR�YHFWRUV X DQG Y LQ R2� WKHLU VXP LV�WKH�YHFWRU X C Y REWDLQHG�E\�DGGLQJ
FRUUHVSRQGLQJ�HQWULHV�RI X DQG Y� )RU�H[DPSOH�

!
1

!2

"
C
!

2
5

"
D
!

1 C 2
!2 C 5

"
D
!

3
3

"

*LYHQ�D�YHFWRU X DQG�D�UHDO�QXPEHU c� WKH VFDODU�PXOWLSOH RI X E\ c LV�WKH�YHFWRU cX
REWDLQHG�E\�PXOWLSO\LQJ�HDFK�HQWU\�LQ X E\ c� )RU�LQVWDQFH�

LI X D
!

3
!1

"
DQG c D 5; WKHQ cX D 5

!
3

!1

"
D
!

15
!5

"

7KH�QXPEHU c LQ cX LV�FDOOHG�D VFDODU� LW�LV�ZULWWHQ�LQ�OLJKWIDFH�W\SH�WR�GLVWLQJXLVK�LW�IURP
WKH�EROGIDFH�YHFWRU X�

7KH�RSHUDWLRQV�RI�VFDODU�PXOWLSOLFDWLRQ�DQG�YHFWRU�DGGLWLRQ�FDQ�EH�FRPELQHG� DV�LQ
WKH�IROORZLQJ�H[DPSOH�

*LYHQ X D
!

1
!2

"
DQG Y D

!
2

!5

"
� ÀQG 4X� .!3/Y� DQG 4X C .!3/Y�

4X D
!

4
!8

"
; .!3/Y D

!
!6
15

"

DQG

4X C .!3/Y D
!

4
!8

"
C
!

!6
15

"
D
!

!2
7

"

6RPHWLPHV� IRU�FRQYHQLHQFH��DQG�DOVR�WR�VDYH�VSDFH�� WKLV�WH[W�PD\�ZULWH�D�FROXPQ

YHFWRU�VXFK�DV
!

3
!1

"
LQ�WKH�IRUP .3; !1/� ,Q�WKLV�FDVH� WKH�SDUHQWKHVHV�DQG�WKH�FRPPD

GLVWLQJXLVK�WKH�YHFWRU .3; !1/ IURP�WKH 1 " 2 URZ�PDWUL[
#

3 !1
$
� ZULWWHQ�ZLWK�EUDFNHWV

DQG�QR�FRPPD� 7KXV !
3

!1

"
¤
#

3 !1
$

EHFDXVH�WKH�PDWULFHV�KDYH�GLIIHUHQW�VKDSHV� HYHQ�WKRXJK�WKH\�KDYH�WKH�VDPH�HQWULHV�

*HRPHWULF 'HVFULSWLRQV RI R2

&RQVLGHU�D�UHFWDQJXODU�FRRUGLQDWH�V\VWHP�LQ�WKH�SODQH� %HFDXVH�HDFK�SRLQW�LQ�WKH�SODQH
LV�GHWHUPLQHG�E\�DQ�RUGHUHG�SDLU�RI�QXPEHUV� ZH�FDQ�LGHQWLI\�D�JHRPHWULF�SRLQW .a; b/

ZLWK�WKH�FROXPQ�YHFWRU
!

a
b

"
� 6R�ZH�PD\�UHJDUG R2 DV�WKH�VHW�RI�DOO�SRLQWV�LQ�WKH�SODQH�

6HH�)LJXUH ��

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�DV�SRLQWV�

x2

x1

(2, 2)

(3, –1)(–2, –1)

9HFWRUV�ZLWK�DUURZV�

6(&21' 5(9,6(' 3$*(6

(b) Vectors with arrows



Parallelogram Rule for Addition

If u and v in R2 are represented as points in the
plane, then u+ v corresponds to the fourth vertex
of the parallelogram whose other vertices are u, 0
and v.

Example

The vectors

u =

[
3
1

]
, v =

[
1
2

]
, and

u+ v =

[
4
3

]
.
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Multiple of a Vector
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�L� X C Y D Y C X �Y� c.X C Y/ D cX C cY
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Vectors in R3

Column vectors with three entries, i.e.

v =

 2
−1
1

 are vectors in R3

All the vectors with three entries form R3

Setting up a coordinate system, each vector in
R3 corresponds to a point in this coordinate
system

Linear Operations in R3

Sum and scalar multiple?
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Generalization to Rn

Column vectors with n entries, i.e. v =


v1
v2
...
vn


are vectors in Rn

All the vectors with n entries form Rn

Generally, we cannot have a geometric
description for Rn

Linear Operations in Rn

Sum and scalar multiple?
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Linear Combinations of Vectors

Definition of Linear Combination
Given a set of vectors v1, v2, · · · , vk, where k is an
integer, then

x1v1 + x2v2 + · · ·+ xkvk

is a linear combination of vectors v1, v2, · · · , vk,
where x1, x2, · · · , xk ∈ R.

Example

2

[
−1
1

]
− 0.5

[
2
4

]
+ 2

[
0.5
−0.5

]
=

[
−2
−1

]
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Example

Let a1 =

 1
−2
−5

 , a2 =

25
6

 and b =

74
3

.

Determine whether b can be generated (or written)
as a linear combination of a1 and a2.

That is,
determine whether weights x1 and x2 exist such that

x1a1 + x2a2 = b

If this vector equation has a solution, find it.
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Vector Equation

A vector equation

x1a1 + x2a2 + · · ·+ xnan = b

has the same solution set as the linear system whose
augmented matrix is[

a1 a2 · · · an b
]

In particular, b can be generated by a linear
combination of a1, a2, . . . , an if and only if
there exists a solution to ...
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An Important Note

A Key Idea

One of the key ideas in linear algebra is to study the
set of all vectors taht can be generated or written as
a linear combination of a fixed set {v1, . . . , vp} of
vectors.

Example

Consider possible linear combinations of v1 =

[
−1
1

]
and v2 =

[
2
1

]
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/LQHDU (TXDWLRQV LQ /LQHDU $OJHEUD

/LQHDU &RPELQDWLRQV
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\ D c1Y1 C ! ! ! C cpYp
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Span

Definition
If v1, . . . , vp are in Rn, then the set of all linear
combinations of v1, . . . , vp is denoted by
Span{v1, . . . , vp} and is called the subset of Rn

spanned (or generated) by {v1, . . . , vp}.

That is,
Span{v1, . . . , vp} is the collection of all vectors that
can be written in the form

c1v1 + c2v2 + · · ·+ cpvp

with c1, . . . , cp scalars.



Span

Definition
If v1, . . . , vp are in Rn, then the set of all linear
combinations of v1, . . . , vp is denoted by
Span{v1, . . . , vp} and is called the subset of Rn

spanned (or generated) by {v1, . . . , vp}. That is,
Span{v1, . . . , vp} is the collection of all vectors that
can be written in the form

c1v1 + c2v2 + · · ·+ cpvp

with c1, . . . , cp scalars.



Geometric Description of Span

/LQHDU (TXDWLRQV LQ /LQHDU $OJHEUD

$ YHFWRU�HTXDWLRQ
x1D1 C x2D2 C ! ! ! C xnDn D E

KDV�WKH�VDPH�VROXWLRQ�VHW�DV�WKH�OLQHDU�V\VWHP�ZKRVH�DXJPHQWHG�PDWUL[�LV
!
D1 D2 ! ! ! Dn E

"
���

,Q�SDUWLFXODU� E FDQ�EH�JHQHUDWHG�E\�D�OLQHDU�FRPELQDWLRQ�RI D1; : : : ; Dn LI�DQG�RQO\
LI�WKHUH�H[LVWV�D�VROXWLRQ�WR�WKH�OLQHDU�V\VWHP�FRUUHVSRQGLQJ�WR�WKH�PDWUL[�����

2QH�RI�WKH�NH\�LGHDV�LQ�OLQHDU�DOJHEUD�LV�WR�VWXG\�WKH�VHW�RI�DOO�YHFWRUV�WKDW�FDQ�EH
JHQHUDWHG�RU�ZULWWHQ�DV�D�OLQHDU�FRPELQDWLRQ�RI�D�À[HG�VHW fY1; : : : ; Ypg RI�YHFWRUV�

,I Y1; : : : ; Yp DUH� LQ Rn� WKHQ� WKH� VHW� RI� DOO� OLQHDU� FRPELQDWLRQV� RI Y1; : : : ; Yp

LV� GHQRWHG� E\ 6SDQ fY1; : : : ; Ypg DQG� LV� FDOOHG� WKH VXEVHW� RI Rn VSDQQHG �RU
JHQHUDWHG� E\ Y1; : : : ; Yp � 7KDW�LV� 6SDQ fY1; : : : ; Ypg LV�WKH�FROOHFWLRQ�RI�DOO�YHFWRUV
WKDW�FDQ�EH�ZULWWHQ�LQ�WKH�IRUP

c1Y1 C c2Y2 C ! ! ! C cpYp

ZLWK c1; : : : ; cp VFDODUV�

$VNLQJ�ZKHWKHU�D�YHFWRU E LV�LQ 6SDQ fY1; : : : ; Ypg DPRXQWV�WR�DVNLQJ�ZKHWKHU�WKH
YHFWRU�HTXDWLRQ

x1Y1 C x2Y2 C ! ! ! C xpYp D E

KDV�D�VROXWLRQ� RU� HTXLYDOHQWO\� DVNLQJ�ZKHWKHU�WKH�OLQHDU�V\VWHP�ZLWK�DXJPHQWHG�PDWUL[
Œ Y1 ! ! ! Yp E ! KDV�D�VROXWLRQ�

1RWH� WKDW 6SDQ fY1; : : : ; Ypg FRQWDLQV� HYHU\� VFDODU� PXOWLSOH� RI Y1 �IRU� H[DP�
SOH�� VLQFH cY1 D cY1 C 0Y2 C ! ! ! C 0Yp � ,Q� SDUWLFXODU� WKH� ]HUR� YHFWRU� PXVW� EH� LQ
6SDQ fY1; : : : ; Ypg�

$ *HRPHWULF 'HVFULSWLRQ RI 6SDQfYg DQG 6SDQfX� Yg
/HW Y EH�D�QRQ]HUR�YHFWRU�LQ R3� 7KHQ 6SDQ fYg LV�WKH�VHW�RI�DOO�VFDODU�PXOWLSOHV�RI Y�
ZKLFK�LV�WKH�VHW�RI�SRLQWV�RQ�WKH�OLQH�LQ R3 WKURXJK Y DQG �� 6HH�)LJXUH ���

,I X DQG Y DUH�QRQ]HUR�YHFWRUV�LQ R3� ZLWK Y QRW�D�PXOWLSOH�RI X� WKHQ 6SDQ fX; Yg LV
WKH�SODQH�LQ R3 WKDW�FRQWDLQV X� Y� DQG �� ,Q�SDUWLFXODU� 6SDQ fX; Yg FRQWDLQV�WKH�OLQH�LQ
R3 WKURXJK X DQG � DQG�WKH�OLQH�WKURXJK Y DQG �� 6HH�)LJXUH ���

Span{v}

x3

x2

x1

v

6SDQ fYg DV�D
OLQH�WKURXJK�WKH�RULJLQ�

Span{u, v}

v

u

u ! v

x2

x3

x1

6SDQ fX; Yg DV�D
SODQH�WKURXJK�WKH�RULJLQ�

6(&21' 5(9,6(' 3$*(6

(a) Span{v} as a line through
the origin

/LQHDU (TXDWLRQV LQ /LQHDU $OJHEUD

$ YHFWRU�HTXDWLRQ
x1D1 C x2D2 C ! ! ! C xnDn D E

KDV�WKH�VDPH�VROXWLRQ�VHW�DV�WKH�OLQHDU�V\VWHP�ZKRVH�DXJPHQWHG�PDWUL[�LV
!
D1 D2 ! ! ! Dn E

"
���

,Q�SDUWLFXODU� E FDQ�EH�JHQHUDWHG�E\�D�OLQHDU�FRPELQDWLRQ�RI D1; : : : ; Dn LI�DQG�RQO\
LI�WKHUH�H[LVWV�D�VROXWLRQ�WR�WKH�OLQHDU�V\VWHP�FRUUHVSRQGLQJ�WR�WKH�PDWUL[�����

2QH�RI�WKH�NH\�LGHDV�LQ�OLQHDU�DOJHEUD�LV�WR�VWXG\�WKH�VHW�RI�DOO�YHFWRUV�WKDW�FDQ�EH
JHQHUDWHG�RU�ZULWWHQ�DV�D�OLQHDU�FRPELQDWLRQ�RI�D�À[HG�VHW fY1; : : : ; Ypg RI�YHFWRUV�

,I Y1; : : : ; Yp DUH� LQ Rn� WKHQ� WKH� VHW� RI� DOO� OLQHDU� FRPELQDWLRQV� RI Y1; : : : ; Yp

LV� GHQRWHG� E\ 6SDQ fY1; : : : ; Ypg DQG� LV� FDOOHG� WKH VXEVHW� RI Rn VSDQQHG �RU
JHQHUDWHG� E\ Y1; : : : ; Yp � 7KDW�LV� 6SDQ fY1; : : : ; Ypg LV�WKH�FROOHFWLRQ�RI�DOO�YHFWRUV
WKDW�FDQ�EH�ZULWWHQ�LQ�WKH�IRUP

c1Y1 C c2Y2 C ! ! ! C cpYp

ZLWK c1; : : : ; cp VFDODUV�

$VNLQJ�ZKHWKHU�D�YHFWRU E LV�LQ 6SDQ fY1; : : : ; Ypg DPRXQWV�WR�DVNLQJ�ZKHWKHU�WKH
YHFWRU�HTXDWLRQ

x1Y1 C x2Y2 C ! ! ! C xpYp D E

KDV�D�VROXWLRQ� RU� HTXLYDOHQWO\� DVNLQJ�ZKHWKHU�WKH�OLQHDU�V\VWHP�ZLWK�DXJPHQWHG�PDWUL[
Œ Y1 ! ! ! Yp E ! KDV�D�VROXWLRQ�

1RWH� WKDW 6SDQ fY1; : : : ; Ypg FRQWDLQV� HYHU\� VFDODU� PXOWLSOH� RI Y1 �IRU� H[DP�
SOH�� VLQFH cY1 D cY1 C 0Y2 C ! ! ! C 0Yp � ,Q� SDUWLFXODU� WKH� ]HUR� YHFWRU� PXVW� EH� LQ
6SDQ fY1; : : : ; Ypg�

$ *HRPHWULF 'HVFULSWLRQ RI 6SDQfYg DQG 6SDQfX� Yg
/HW Y EH�D�QRQ]HUR�YHFWRU�LQ R3� 7KHQ 6SDQ fYg LV�WKH�VHW�RI�DOO�VFDODU�PXOWLSOHV�RI Y�
ZKLFK�LV�WKH�VHW�RI�SRLQWV�RQ�WKH�OLQH�LQ R3 WKURXJK Y DQG �� 6HH�)LJXUH ���

,I X DQG Y DUH�QRQ]HUR�YHFWRUV�LQ R3� ZLWK Y QRW�D�PXOWLSOH�RI X� WKHQ 6SDQ fX; Yg LV
WKH�SODQH�LQ R3 WKDW�FRQWDLQV X� Y� DQG �� ,Q�SDUWLFXODU� 6SDQ fX; Yg FRQWDLQV�WKH�OLQH�LQ
R3 WKURXJK X DQG � DQG�WKH�OLQH�WKURXJK Y DQG �� 6HH�)LJXUH ���

Span{v}

x3

x2

x1

v

6SDQ fYg DV�D
OLQH�WKURXJK�WKH�RULJLQ�

Span{u, v}

v

u

u ! v

x2

x3

x1

6SDQ fX; Yg DV�D
SODQH�WKURXJK�WKH�RULJLQ�

6(&21' 5(9,6(' 3$*(6

(b) Span{u,v} as a plane through
u, v and the origin
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(b) Span{u,v} as a plane through
u, v and the origin



Example

Let a1 =

 1
−2
3

 , a2 =

 5
−13
−3

 and b =

−38
1

.

Then Span{a1, a2} is a plane through the origin in
R3. Is b in that plane?
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Question

Geometrically, what is Span{v1, v2, v3}?
Is Span{u, v} always visualized as a plane
through the origin.
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Question

Geometrically, what is Span{v1, v2, v3}?

Is Span{u, v} always visualized as a plane
through the origin.
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Question

Geometrically, what is Span{v1, v2, v3}?
Is Span{u, v} always visualized as a plane
through the origin.




