
1.5 Solution Sets of Linear Systems

Nooshin Maghsoodi

Noshirvani University

These slides are adapted from Linear

Algebra course in UESTC



Outline

1 Homogeneous Linear System
2 Parametric Vector Form
3 Nonhomogeneous Linear Systems



Homogeneous Linear Systems

A system of linear equations is said to be
homogeneous if it can be written in the form

Ax = 0

Such a system always has at least one solution,
namely, x = 0.

This zero solution is usually called the trivial
solution.

Nonzero solution is called nontrivial solution.
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Homogeneous Linear Systems

Question: when there exists a nontrivial 
solution?

Theorem
The homogeneous equation Ax = 0 has a nontrivial
solution if and only if the equation has at least one
free variable.
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Homogeneous Linear Systems

Example

Determine if the following homogeneous system has
a nontrivial solution. Then describe the solution set.

3x1 + 5x2 − 4x3 = 0
−3x1 − 2x2 + 4x3 = 0
6x1 + x2 − 8x3 = 0



Homogeneous Linear Systems

Example

A single linear equation can be treated as a very
simple system of equations. Describe all solutions of
the homogeneous “system”

10x1 − 3x2 − 2x3 = 0
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x = sv + tu

(s, t ∈ R)

6ROXWLRQ 6HWV RI /LQHDU 6\VWHPV

IUHH� $V�D�YHFWRU� WKH�JHQHUDO�VROXWLRQ�LV

[ D

2

4
x1

x2

x3

3

5 D

2

4
:3x2 C :2x3

x2

x3

3

5 D

2

4
:3x2

x2

0

3

5C

2

4
:2x3

0
x3

3

5

D x2

2

4
:3
1
0

3

5

✻
X

C x3

2

4
:2
0
1

3

5

✻
Y

�ZLWK x2� x3 IUHH� ���

7KLV�FDOFXODWLRQ�VKRZV�WKDW�HYHU\�VROXWLRQ�RI�����LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUV
X DQG Y� VKRZQ�LQ����� 7KDW�LV� WKH�VROXWLRQ�VHW�LV 6SDQ fX; Yg� 6LQFH�QHLWKHU X QRU Y LV�D
VFDODU�PXOWLSOH�RI�WKH�RWKHU� WKH�VROXWLRQ�VHW�LV�D�SODQH�WKURXJK�WKH�RULJLQ� 6HH�)LJXUH ��

u

v

x1
x3

x2

([DPSOHV� �� DQG� �� DORQJ�ZLWK� WKH� H[HUFLVHV� LOOXVWUDWH� WKH� IDFW� WKDW� WKH� VROXWLRQ
VHW� RI� D� KRPRJHQHRXV� HTXDWLRQ A[ D � FDQ� DOZD\V� EH� H[SUHVVHG� H[SOLFLWO\� DV
6SDQ fY1; : : : ; Ypg IRU�VXLWDEOH�YHFWRUV Y1; : : : ; Yp � ,I�WKH�RQO\�VROXWLRQ�LV�WKH�]HUR�YHFWRU�
WKHQ�WKH�VROXWLRQ�VHW�LV 6SDQ f�g� ,I�WKH�HTXDWLRQ A[ D � KDV�RQO\�RQH�IUHH�YDULDEOH� WKH
VROXWLRQ�VHW�LV�D�OLQH�WKURXJK�WKH�RULJLQ� DV�LQ�)LJXUH �� $ SODQH�WKURXJK�WKH�RULJLQ� DV�LQ
)LJXUH �� SURYLGHV�D�JRRG�PHQWDO�LPDJH�IRU�WKH�VROXWLRQ�VHW�RI A[ D � ZKHQ�WKHUH�DUH
WZR�RU�PRUH�IUHH�YDULDEOHV� 1RWH� KRZHYHU� WKDW�D�VLPLODU�ÀJXUH�FDQ�EH�XVHG�WR�YLVXDOL]H
6SDQ fX; Yg HYHQ�ZKHQ X DQG Y GR�QRW�DULVH�DV�VROXWLRQV�RI A[ D �: 6HH�)LJXUH ���LQ
6HFWLRQ ����

3DUDPHWULF 9HFWRU )RUP
7KH�RULJLQDO�HTXDWLRQ�����IRU�WKH�SODQH�LQ�([DPSOH���LV�DQ LPSOLFLW GHVFULSWLRQ�RI�WKH
SODQH� 6ROYLQJ�WKLV�HTXDWLRQ�DPRXQWV�WR�ÀQGLQJ�DQ H[SOLFLW GHVFULSWLRQ�RI�WKH�SODQH�DV
WKH�VHW�VSDQQHG�E\ X DQG Y� (TXDWLRQ�����LV�FDOOHG�D SDUDPHWULF�YHFWRU�HTXDWLRQ RI�WKH
SODQH� 6RPHWLPHV�VXFK�DQ�HTXDWLRQ�LV�ZULWWHQ�DV

[ D sX C tY .s; t LQ R/

WR�HPSKDVL]H�WKDW�WKH�SDUDPHWHUV�YDU\�RYHU�DOO�UHDO�QXPEHUV� ,Q�([DPSOH��� WKH�HTXDWLRQ
[ D x3Y �ZLWK x3 IUHH�� RU [ D tY �ZLWK t LQ R�� LV�D�SDUDPHWULF�YHFWRU�HTXDWLRQ�RI�D�OLQH�
:KHQHYHU�D�VROXWLRQ�VHW�LV�GHVFULEHG�H[SOLFLWO\�ZLWK�YHFWRUV�DV�LQ�([DPSOHV���DQG��� ZH
VD\�WKDW�WKH�VROXWLRQ�LV�LQ SDUDPHWULF�YHFWRU�IRUP�

6ROXWLRQV RI 1RQKRPRJHQHRXV 6\VWHPV
:KHQ�D�QRQKRPRJHQHRXV�OLQHDU�V\VWHP�KDV�PDQ\�VROXWLRQV� WKH�JHQHUDO�VROXWLRQ�FDQ�EH
ZULWWHQ�LQ�SDUDPHWULF�YHFWRU�IRUP�DV�RQH�YHFWRU�SOXV�DQ�DUELWUDU\�OLQHDU�FRPELQDWLRQ�RI
YHFWRUV�WKDW�VDWLVI\�WKH�FRUUHVSRQGLQJ�KRPRJHQHRXV�V\VWHP�

'HVFULEH�DOO�VROXWLRQV�RI A[ D E� ZKHUH

A D

2

4
3 5 !4

!3 !2 4
6 1 !8

3

5 DQG E D

2

4
7

!1
!4

3

5

6(&21' 5(9,6(' 3$*(6



Homogeneous Linear Systems

x = x2

0.31
0

+x3

0.20
1


(with x2, x3 free)

x = sv + tu

(s, t ∈ R)

6ROXWLRQ 6HWV RI /LQHDU 6\VWHPV

IUHH� $V�D�YHFWRU� WKH�JHQHUDO�VROXWLRQ�LV

[ D

2

4
x1

x2

x3

3

5 D

2

4
:3x2 C :2x3

x2

x3

3

5 D

2

4
:3x2

x2

0

3

5C

2

4
:2x3

0
x3

3

5

D x2

2

4
:3
1
0

3

5

✻
X

C x3

2

4
:2
0
1

3

5

✻
Y

�ZLWK x2� x3 IUHH� ���

7KLV�FDOFXODWLRQ�VKRZV�WKDW�HYHU\�VROXWLRQ�RI�����LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUV
X DQG Y� VKRZQ�LQ����� 7KDW�LV� WKH�VROXWLRQ�VHW�LV 6SDQ fX; Yg� 6LQFH�QHLWKHU X QRU Y LV�D
VFDODU�PXOWLSOH�RI�WKH�RWKHU� WKH�VROXWLRQ�VHW�LV�D�SODQH�WKURXJK�WKH�RULJLQ� 6HH�)LJXUH ��

u

v

x1
x3

x2

([DPSOHV� �� DQG� �� DORQJ�ZLWK� WKH� H[HUFLVHV� LOOXVWUDWH� WKH� IDFW� WKDW� WKH� VROXWLRQ
VHW� RI� D� KRPRJHQHRXV� HTXDWLRQ A[ D � FDQ� DOZD\V� EH� H[SUHVVHG� H[SOLFLWO\� DV
6SDQ fY1; : : : ; Ypg IRU�VXLWDEOH�YHFWRUV Y1; : : : ; Yp � ,I�WKH�RQO\�VROXWLRQ�LV�WKH�]HUR�YHFWRU�
WKHQ�WKH�VROXWLRQ�VHW�LV 6SDQ f�g� ,I�WKH�HTXDWLRQ A[ D � KDV�RQO\�RQH�IUHH�YDULDEOH� WKH
VROXWLRQ�VHW�LV�D�OLQH�WKURXJK�WKH�RULJLQ� DV�LQ�)LJXUH �� $ SODQH�WKURXJK�WKH�RULJLQ� DV�LQ
)LJXUH �� SURYLGHV�D�JRRG�PHQWDO�LPDJH�IRU�WKH�VROXWLRQ�VHW�RI A[ D � ZKHQ�WKHUH�DUH
WZR�RU�PRUH�IUHH�YDULDEOHV� 1RWH� KRZHYHU� WKDW�D�VLPLODU�ÀJXUH�FDQ�EH�XVHG�WR�YLVXDOL]H
6SDQ fX; Yg HYHQ�ZKHQ X DQG Y GR�QRW�DULVH�DV�VROXWLRQV�RI A[ D �: 6HH�)LJXUH ���LQ
6HFWLRQ ����

3DUDPHWULF 9HFWRU )RUP
7KH�RULJLQDO�HTXDWLRQ�����IRU�WKH�SODQH�LQ�([DPSOH���LV�DQ LPSOLFLW GHVFULSWLRQ�RI�WKH
SODQH� 6ROYLQJ�WKLV�HTXDWLRQ�DPRXQWV�WR�ÀQGLQJ�DQ H[SOLFLW GHVFULSWLRQ�RI�WKH�SODQH�DV
WKH�VHW�VSDQQHG�E\ X DQG Y� (TXDWLRQ�����LV�FDOOHG�D SDUDPHWULF�YHFWRU�HTXDWLRQ RI�WKH
SODQH� 6RPHWLPHV�VXFK�DQ�HTXDWLRQ�LV�ZULWWHQ�DV

[ D sX C tY .s; t LQ R/

WR�HPSKDVL]H�WKDW�WKH�SDUDPHWHUV�YDU\�RYHU�DOO�UHDO�QXPEHUV� ,Q�([DPSOH��� WKH�HTXDWLRQ
[ D x3Y �ZLWK x3 IUHH�� RU [ D tY �ZLWK t LQ R�� LV�D�SDUDPHWULF�YHFWRU�HTXDWLRQ�RI�D�OLQH�
:KHQHYHU�D�VROXWLRQ�VHW�LV�GHVFULEHG�H[SOLFLWO\�ZLWK�YHFWRUV�DV�LQ�([DPSOHV���DQG��� ZH
VD\�WKDW�WKH�VROXWLRQ�LV�LQ SDUDPHWULF�YHFWRU�IRUP�

6ROXWLRQV RI 1RQKRPRJHQHRXV 6\VWHPV
:KHQ�D�QRQKRPRJHQHRXV�OLQHDU�V\VWHP�KDV�PDQ\�VROXWLRQV� WKH�JHQHUDO�VROXWLRQ�FDQ�EH
ZULWWHQ�LQ�SDUDPHWULF�YHFWRU�IRUP�DV�RQH�YHFWRU�SOXV�DQ�DUELWUDU\�OLQHDU�FRPELQDWLRQ�RI
YHFWRUV�WKDW�VDWLVI\�WKH�FRUUHVSRQGLQJ�KRPRJHQHRXV�V\VWHP�

'HVFULEH�DOO�VROXWLRQV�RI A[ D E� ZKHUH

A D

2

4
3 5 !4

!3 !2 4
6 1 !8

3

5 DQG E D

2

4
7

!1
!4

3

5

6(&21' 5(9,6(' 3$*(6



Homogeneous Linear Systems

x = x2

0.31
0

+x3

0.20
1


(with x2, x3 free)

x = sv + tu

(s, t ∈ R)

6ROXWLRQ 6HWV RI /LQHDU 6\VWHPV

IUHH� $V�D�YHFWRU� WKH�JHQHUDO�VROXWLRQ�LV

[ D

2

4
x1

x2

x3

3

5 D

2

4
:3x2 C :2x3

x2

x3

3

5 D

2

4
:3x2

x2

0

3

5C

2

4
:2x3

0
x3

3

5

D x2

2

4
:3
1
0

3

5

✻
X

C x3

2

4
:2
0
1

3

5

✻
Y

�ZLWK x2� x3 IUHH� ���

7KLV�FDOFXODWLRQ�VKRZV�WKDW�HYHU\�VROXWLRQ�RI�����LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUV
X DQG Y� VKRZQ�LQ����� 7KDW�LV� WKH�VROXWLRQ�VHW�LV 6SDQ fX; Yg� 6LQFH�QHLWKHU X QRU Y LV�D
VFDODU�PXOWLSOH�RI�WKH�RWKHU� WKH�VROXWLRQ�VHW�LV�D�SODQH�WKURXJK�WKH�RULJLQ� 6HH�)LJXUH ��

u

v

x1
x3

x2

([DPSOHV� �� DQG� �� DORQJ�ZLWK� WKH� H[HUFLVHV� LOOXVWUDWH� WKH� IDFW� WKDW� WKH� VROXWLRQ
VHW� RI� D� KRPRJHQHRXV� HTXDWLRQ A[ D � FDQ� DOZD\V� EH� H[SUHVVHG� H[SOLFLWO\� DV
6SDQ fY1; : : : ; Ypg IRU�VXLWDEOH�YHFWRUV Y1; : : : ; Yp � ,I�WKH�RQO\�VROXWLRQ�LV�WKH�]HUR�YHFWRU�
WKHQ�WKH�VROXWLRQ�VHW�LV 6SDQ f�g� ,I�WKH�HTXDWLRQ A[ D � KDV�RQO\�RQH�IUHH�YDULDEOH� WKH
VROXWLRQ�VHW�LV�D�OLQH�WKURXJK�WKH�RULJLQ� DV�LQ�)LJXUH �� $ SODQH�WKURXJK�WKH�RULJLQ� DV�LQ
)LJXUH �� SURYLGHV�D�JRRG�PHQWDO�LPDJH�IRU�WKH�VROXWLRQ�VHW�RI A[ D � ZKHQ�WKHUH�DUH
WZR�RU�PRUH�IUHH�YDULDEOHV� 1RWH� KRZHYHU� WKDW�D�VLPLODU�ÀJXUH�FDQ�EH�XVHG�WR�YLVXDOL]H
6SDQ fX; Yg HYHQ�ZKHQ X DQG Y GR�QRW�DULVH�DV�VROXWLRQV�RI A[ D �: 6HH�)LJXUH ���LQ
6HFWLRQ ����

3DUDPHWULF 9HFWRU )RUP
7KH�RULJLQDO�HTXDWLRQ�����IRU�WKH�SODQH�LQ�([DPSOH���LV�DQ LPSOLFLW GHVFULSWLRQ�RI�WKH
SODQH� 6ROYLQJ�WKLV�HTXDWLRQ�DPRXQWV�WR�ÀQGLQJ�DQ H[SOLFLW GHVFULSWLRQ�RI�WKH�SODQH�DV
WKH�VHW�VSDQQHG�E\ X DQG Y� (TXDWLRQ�����LV�FDOOHG�D SDUDPHWULF�YHFWRU�HTXDWLRQ RI�WKH
SODQH� 6RPHWLPHV�VXFK�DQ�HTXDWLRQ�LV�ZULWWHQ�DV

[ D sX C tY .s; t LQ R/

WR�HPSKDVL]H�WKDW�WKH�SDUDPHWHUV�YDU\�RYHU�DOO�UHDO�QXPEHUV� ,Q�([DPSOH��� WKH�HTXDWLRQ
[ D x3Y �ZLWK x3 IUHH�� RU [ D tY �ZLWK t LQ R�� LV�D�SDUDPHWULF�YHFWRU�HTXDWLRQ�RI�D�OLQH�
:KHQHYHU�D�VROXWLRQ�VHW�LV�GHVFULEHG�H[SOLFLWO\�ZLWK�YHFWRUV�DV�LQ�([DPSOHV���DQG��� ZH
VD\�WKDW�WKH�VROXWLRQ�LV�LQ SDUDPHWULF�YHFWRU�IRUP�

6ROXWLRQV RI 1RQKRPRJHQHRXV 6\VWHPV
:KHQ�D�QRQKRPRJHQHRXV�OLQHDU�V\VWHP�KDV�PDQ\�VROXWLRQV� WKH�JHQHUDO�VROXWLRQ�FDQ�EH
ZULWWHQ�LQ�SDUDPHWULF�YHFWRU�IRUP�DV�RQH�YHFWRU�SOXV�DQ�DUELWUDU\�OLQHDU�FRPELQDWLRQ�RI
YHFWRUV�WKDW�VDWLVI\�WKH�FRUUHVSRQGLQJ�KRPRJHQHRXV�V\VWHP�

'HVFULEH�DOO�VROXWLRQV�RI A[ D E� ZKHUH

A D

2

4
3 5 !4

!3 !2 4
6 1 !8

3

5 DQG E D

2

4
7

!1
!4

3

5

6(&21' 5(9,6(' 3$*(6



Parametric Vector Form

The original linear system (equation) – – an
implicit description of the plane

Solving this equation amounts to finding an
explicit description of the plane as the set
spanned by u and v.

It is called a parametric vector equation of the
plane.

x = su+ tv (s, t ∈ R)
The solution is in parametric vector form.
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Nonhomogeneous Linear Systems

Example

Describe all solutions of Ax = b, where

A =

 3 5 −4
−3 −2 4
6 1 −8

 and b =

 7
−1
−4
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p

v

v + p

$GGLQJ S WR Y WUDQVODWHV Y WR Y C S�

7R� GHVFULEH� WKH� VROXWLRQ� VHW� RI A[ D E JHRPHWULFDOO\� ZH� FDQ� WKLQN� RI� YHFWRU
DGGLWLRQ�DV�D WUDQVODWLRQ� *LYHQ Y DQG S LQ R2 RU R3� WKH�HIIHFW�RI�DGGLQJ S WR Y LV
WR PRYH Y LQ�D�GLUHFWLRQ�SDUDOOHO�WR�WKH�OLQH�WKURXJK S DQG �� :H�VD\�WKDW Y LV WUDQVODWHGL + p

L

7UDQVODWHG�OLQH�

E\ S WR Y C S� 6HH�)LJXUH �� ,I�HDFK�SRLQW�RQ�D�OLQH L LQ R2 RU R3 LV�WUDQVODWHG�E\�D
YHFWRU S� WKH�UHVXOW�LV�D�OLQH�SDUDOOHO�WR L� 6HH�)LJXUH ��

6XSSRVH L LV�WKH�OLQH�WKURXJK � DQG Y� GHVFULEHG�E\�HTXDWLRQ����� $GGLQJ S WR�HDFK
SRLQW�RQ L SURGXFHV�WKH�WUDQVODWHG�OLQH�GHVFULEHG�E\�HTXDWLRQ����� 1RWH�WKDW S LV�RQ�WKH
OLQH�LQ�HTXDWLRQ����� :H�FDOO���� WKH�HTXDWLRQ�RI�WKH�OLQH�WKURXJK S SDUDOOHO�WR�Y� 7KXV
WKH�VROXWLRQ�VHW�RI A[ D E LV�D�OLQH�WKURXJK S SDUDOOHO�WR�WKH�VROXWLRQ�VHW�RI A[ D ��
)LJXUH���LOOXVWUDWHV�WKLV�FDVH�

p

v tv

p + tv
Ax = b

Ax = 0

3DUDOOHO�VROXWLRQ�VHWV�RI A[ D E DQG
A[ D ��

7KH�UHODWLRQ�EHWZHHQ�WKH�VROXWLRQ�VHWV�RI A[ D E DQG A[ D � VKRZQ�LQ�)LJXUH �
JHQHUDOL]HV�WR�DQ\ FRQVLVWHQW HTXDWLRQ A[ D E� DOWKRXJK�WKH�VROXWLRQ�VHW�ZLOO�EH�ODUJHU
WKDQ�D�OLQH�ZKHQ�WKHUH�DUH�VHYHUDO�IUHH�YDULDEOHV� 7KH�IROORZLQJ�WKHRUHP�JLYHV�WKH�SUHFLVH
VWDWHPHQW� 6HH�([HUFLVH����IRU�D�SURRI�
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6ROXWLRQ 6HWV RI /LQHDU 6\VWHPV

6XSSRVH� WKH� HTXDWLRQ A[ D E LV� FRQVLVWHQW� IRU� VRPH� JLYHQ E� DQG� OHW S EH� D
VROXWLRQ� 7KHQ� WKH� VROXWLRQ� VHW�RI A[ D E LV� WKH� VHW�RI� DOO� YHFWRUV�RI� WKH� IRUP
Z D S C Yh� ZKHUH Yh LV�DQ\�VROXWLRQ�RI�WKH�KRPRJHQHRXV�HTXDWLRQ A[ D ��

7KHRUHP���VD\V�WKDW�LI A[ D E KDV�D�VROXWLRQ� WKHQ�WKH�VROXWLRQ�VHW�LV�REWDLQHG�E\
WUDQVODWLQJ�WKH�VROXWLRQ�VHW�RI A[ D �� XVLQJ�DQ\�SDUWLFXODU�VROXWLRQ S RI A[ D E IRU
WKH�WUDQVODWLRQ� )LJXUH���LOOXVWUDWHV�WKH�FDVH�LQ�ZKLFK�WKHUH�DUH�WZR�IUHH�YDULDEOHV� (YHQ
ZKHQ n > 3� RXU�PHQWDO�LPDJH�RI�WKH�VROXWLRQ�VHW�RI�D�FRQVLVWHQW�V\VWHP A[ D E �ZLWK
E ¤ ���LV�HLWKHU�D�VLQJOH�QRQ]HUR�SRLQW�RU�D�OLQH�RU�SODQH�QRW�SDVVLQJ�WKURXJK�WKH�RULJLQ�

p

x3

x2x1

Ax ! b

Ax ! 0

3DUDOOHO�VROXWLRQ�VHWV�RI
A[ D E DQG A[ D ��

:DUQLQJ� 7KHRUHP���DQG�)LJXUH ��DSSO\�RQO\�WR�DQ�HTXDWLRQ A[ D E WKDW�KDV�DW�OHDVW
RQH�QRQ]HUR�VROXWLRQ S� :KHQ A[ D E KDV�QR�VROXWLRQ� WKH�VROXWLRQ�VHW�LV�HPSW\�

7KH�IROORZLQJ�DOJRULWKP�RXWOLQHV�WKH�FDOFXODWLRQV�VKRZQ�LQ�([DPSOHV��� �� DQG���

�� 5RZ�UHGXFH�WKH�DXJPHQWHG�PDWUL[�WR�UHGXFHG�HFKHORQ�IRUP�
�� ([SUHVV�HDFK�EDVLF�YDULDEOH� LQ� WHUPV�RI�DQ\� IUHH�YDULDEOHV�DSSHDULQJ� LQ�DQ

HTXDWLRQ�
�� :ULWH� D� W\SLFDO� VROXWLRQ [ DV� D� YHFWRU� ZKRVH� HQWULHV� GHSHQG� RQ� WKH� IUHH

YDULDEOHV� LI�DQ\�
�� 'HFRPSRVH [ LQWR�D�OLQHDU�FRPELQDWLRQ�RI�YHFWRUV��ZLWK�QXPHULF�HQWULHV��XVLQJ

WKH�IUHH�YDULDEOHV�DV�SDUDPHWHUV�

�� (DFK� RI� WKH� IROORZLQJ� HTXDWLRQV� GHWHUPLQHV� D� SODQH� LQ R3� 'R� WKH� WZR� SODQHV
LQWHUVHFW" ,I�VR� GHVFULEH�WKHLU�LQWHUVHFWLRQ�

x1 C 4x2 ! 5x3 D 0

2x1 ! x2 C 8x3 D 9

�� :ULWH�WKH�JHQHUDO�VROXWLRQ�RI 10x1 ! 3x2 ! 2x3 D 7 LQ�SDUDPHWULF�YHFWRU�IRUP� DQG
UHODWH�WKH�VROXWLRQ�VHW�WR�WKH�RQH�IRXQG�LQ�([DPSOH���

�� 3URYH�WKH�ÀUVW�SDUW�RI�7KHRUHP��� 6XSSRVH�WKDW S LV�D�VROXWLRQ�RI A[ D E� VR�WKDW
AS D E� /HW Yh EH� DQ\� VROXWLRQ� WR� WKH� KRPRJHQHRXV� HTXDWLRQ A[ D �� DQG� OHW
Z D S C Yh� 6KRZ�WKDW Z LV�D�VROXWLRQ�WR A[ D E�

6(&21' 5(9,6(' 3$*(6



Nonhomogeneous Linear Systems

Theorem
Suppose the equation Ax = b is consistent for some
given b, and let p be a solution. Then the solution
set of Ax = b is the set of all vectors of the form
w = p+ vh, where vh is any solution of the
homogeneous equation Ax = 0.



Writing a solution set in parametric vector form
1 Row reduce the augmented matrix to reduced

echelon form.

2 Express each basic variable in terms of any free
variables appearing in an equation.

3 Write a typical solution x as a vector whose
entries depend on the free variables, if any.

4 Decompose x into a linear combination of
vectors using the free variables as parameters.



Writing a solution set in parametric vector form
1 Row reduce the augmented matrix to reduced

echelon form.
2 Express each basic variable in terms of any free

variables appearing in an equation.

3 Write a typical solution x as a vector whose
entries depend on the free variables, if any.

4 Decompose x into a linear combination of
vectors using the free variables as parameters.



Writing a solution set in parametric vector form
1 Row reduce the augmented matrix to reduced

echelon form.
2 Express each basic variable in terms of any free

variables appearing in an equation.
3 Write a typical solution x as a vector whose

entries depend on the free variables, if any.

4 Decompose x into a linear combination of
vectors using the free variables as parameters.



Writing a solution set in parametric vector form
1 Row reduce the augmented matrix to reduced

echelon form.
2 Express each basic variable in terms of any free

variables appearing in an equation.
3 Write a typical solution x as a vector whose

entries depend on the free variables, if any.
4 Decompose x into a linear combination of

vectors using the free variables as parameters.



Exercise

Describe the solutions of the following linear
systems in parametric vector form. And give a
geometric description of the solution set.

x1 +3x2 +x3 = 0
−4x1 −9x2 +2x3 = 0

−x2 −6x3 = 0

x1 +3x2 +x3 = 1
−4x1 −9x2 +2x3 = −1

−x2 −6x3 = −3
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Mark each statement true or false

Every matrix is row equivalent to a unique
matrix in echelon form.

If a system of linear equations has tow different
solutions, it must have infinitely many solutions

If a system of linear equations has nor free
variables, then it has a unique solution.

If matrices A and B are row equivalent, they
have the same reduced echelon form.

If A is am m× n matrix and the equation
Ax = b is consistent for every b in Rm, then A
has m pivot positions.



Mark each statement true or false

Every matrix is row equivalent to a unique
matrix in echelon form.

If a system of linear equations has two different 
solutions, it must have infinitely many solutions

If a system of linear equations has nor free
variables, then it has a unique solution.

If matrices A and B are row equivalent, they
have the same reduced echelon form.

If A is am m× n matrix and the equation
Ax = b is consistent for every b in Rm, then A
has m pivot positions.



Mark each statement true or false

Every matrix is row equivalent to a unique
matrix in echelon form.

If a system of linear equations has tow different
solutions, it must have infinitely many solutions

If a system of linear equations has no free 
variables, then it has a unique solution.

If matrices A and B are row equivalent, they
have the same reduced echelon form.

If A is am m× n matrix and the equation
Ax = b is consistent for every b in Rm, then A
has m pivot positions.



Mark each statement true or false

Every matrix is row equivalent to a unique
matrix in echelon form.

If a system of linear equations has tow different
solutions, it must have infinitely many solutions

If a system of linear equations has nor free
variables, then it has a unique solution.

If matrices A and B are row equivalent, they
have the same reduced echelon form.

If A is am m× n matrix and the equation
Ax = b is consistent for every b in Rm, then A
has m pivot positions.



Mark each statement true or false

Every matrix is row equivalent to a unique
matrix in echelon form.

If a system of linear equations has tow different
solutions, it must have infinitely many solutions

If a system of linear equations has nor free
variables, then it has a unique solution.

If matrices A and B are row equivalent, they
have the same reduced echelon form.

If A is am m× n matrix and the equation
Ax = b is consistent for every b in Rm, then A
has m pivot positions.
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