
2.1 Matrix Operations

Nooshin Maghsoodi

Noshirvani University

These slides are adapted from Linear Algebra course in UESTC



Outline

1 Linear Operations (Sums and Scalar Multiples)

2 Matrix Multiplication

3 Transpose of a Matrix
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Linear Operations

Two matrices are equal if they have the same size
and if their corresponding columns are equal.

Sums and Scalar Multiples

If A and B are m× n matrices, r a scalar

Sum

A+B =
[
a1 + b1, · · · , an + bn

]
Scalar Multiple rA =

[
ra1, · · · , ran

]
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Linear Operations

Example

Let

A =

[
3 0 −2
1 2 −3

]
B =

[
−2 1 3
0 −1 2

]
C =

[
2 1
−1 2

]



Properties of Linear Operations

Theorem
Let A,B and C be matrices of the same size, and
let r and s be scalars.

a). A+B = B + A d). r(A+B) = rA+ rB
b).(A+B) + C = A+ (B + C) e). (r + s)A = rA+ sA
c).A+ 0 = A f). r(sA) = (rs)A



Matrix Multiplication

0DWUL[ $OJHEUD

(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
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.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[ 0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJXUH ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU� WUDQVIRU�
PDWLRQV� VWXGLHG� LQ� 6HFWLRQ ���� 2XU� JRDO� LV� WR� UHSUHVHQW� WKLV� FRPSRVLWH�PDSSLQJ� DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJXUH ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp

6(&21' 5(9,6(' 3$*(6

∀x,A(Bx) = (AB)x

0DWUL[ $OJHEUD

(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
A� B � DQG C DUH Dj � Ej � DQG Fj � UHVSHFWLYHO\� WKHQ�WKH j WK FROXPQV�RI .A C B/ C C DQG
A C .B C C / DUH

.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[ 0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJXUH ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU� WUDQVIRU�
PDWLRQV� VWXGLHG� LQ� 6HFWLRQ ���� 2XU� JRDO� LV� WR� UHSUHVHQW� WKLV� FRPSRVLWH�PDSSLQJ� DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJXUH ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp
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Matrix Multiplication

0DWUL[ $OJHEUD

(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
A� B � DQG C DUH Dj � Ej � DQG Fj � UHVSHFWLYHO\� WKHQ�WKH j WK FROXPQV�RI .A C B/ C C DQG
A C .B C C / DUH

.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[ 0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJXUH ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU� WUDQVIRU�
PDWLRQV� VWXGLHG� LQ� 6HFWLRQ ���� 2XU� JRDO� LV� WR� UHSUHVHQW� WKLV� FRPSRVLWH�PDSSLQJ� DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJXUH ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp

6(&21' 5(9,6(' 3$*(6

∀x,A(Bx) = (AB)x

0DWUL[ $OJHEUD

(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
A� B � DQG C DUH Dj � Ej � DQG Fj � UHVSHFWLYHO\� WKHQ�WKH j WK FROXPQV�RI .A C B/ C C DQG
A C .B C C / DUH

.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[ 0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJXUH ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU� WUDQVIRU�
PDWLRQV� VWXGLHG� LQ� 6HFWLRQ ���� 2XU� JRDO� LV� WR� UHSUHVHQW� WKLV� FRPSRVLWH�PDSSLQJ� DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJXUH ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp
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Matrix Multiplication

0DWUL[ $OJHEUD

(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
A� B � DQG C DUH Dj � Ej � DQG Fj � UHVSHFWLYHO\� WKHQ�WKH j WK FROXPQV�RI .A C B/ C C DQG
A C .B C C / DUH

.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[ 0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJXUH ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU� WUDQVIRU�
PDWLRQV� VWXGLHG� LQ� 6HFWLRQ ���� 2XU� JRDO� LV� WR� UHSUHVHQW� WKLV� FRPSRVLWH�PDSSLQJ� DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJXUH ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp
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∀x,A(Bx) = (AB)x

0DWUL[ $OJHEUD

(DFK�HTXDOLW\�LQ�7KHRUHP ��LV�YHULÀHG�E\�VKRZLQJ�WKDW�WKH�PDWUL[�RQ�WKH�OHIW�VLGH�KDV
WKH�VDPH�VL]H�DV�WKH�PDWUL[�RQ�WKH�ULJKW�DQG�WKDW�FRUUHVSRQGLQJ�FROXPQV�DUH�HTXDO� 6L]H
LV�QR�SUREOHP�EHFDXVH A� B � DQG C DUH�HTXDO�LQ�VL]H� 7KH�HTXDOLW\�RI�FROXPQV�IROORZV
LPPHGLDWHO\�IURP�DQDORJRXV�SURSHUWLHV�RI�YHFWRUV� )RU�LQVWDQFH� LI�WKH j WK FROXPQV�RI
A� B � DQG C DUH Dj � Ej � DQG Fj � UHVSHFWLYHO\� WKHQ�WKH j WK FROXPQV�RI .A C B/ C C DQG
A C .B C C / DUH

.Dj C Ej / C Fj DQG Dj C .Ej C Fj /

UHVSHFWLYHO\� 6LQFH�WKHVH�WZR�YHFWRU�VXPV�DUH�HTXDO�IRU�HDFK j � SURSHUW\��E��LV�YHULÀHG�
%HFDXVH�RI�WKH�DVVRFLDWLYH�SURSHUW\�RI�DGGLWLRQ� ZH�FDQ�VLPSO\�ZULWH A C B C C

IRU�WKH�VXP� ZKLFK�FDQ�EH�FRPSXWHG�HLWKHU�DV .A C B/ C C RU�DV A C .B C C /� 7KH
VDPH�DSSOLHV�WR�VXPV�RI�IRXU�RU�PRUH�PDWULFHV�

0DWUL[ 0XOWLSOLFDWLRQ
:KHQ�D�PDWUL[ B PXOWLSOLHV�D�YHFWRU [� LW�WUDQVIRUPV [ LQWR�WKH�YHFWRU B[� ,I�WKLV�YHFWRU
LV�WKHQ�PXOWLSOLHG�LQ�WXUQ�E\�D�PDWUL[ A� WKH�UHVXOWLQJ�YHFWRU�LV A.B[/� 6HH�)LJXUH ��

x

Multiplication

by B

Bx

Multiplication

by A

A(Bx)

0XOWLSOLFDWLRQ�E\ B DQG�WKHQ A�

7KXV A.B[/ LV�SURGXFHG�IURP [ E\�D FRPSRVLWLRQ RI�PDSSLQJV³WKH�OLQHDU� WUDQVIRU�
PDWLRQV� VWXGLHG� LQ� 6HFWLRQ ���� 2XU� JRDO� LV� WR� UHSUHVHQW� WKLV� FRPSRVLWH�PDSSLQJ� DV
PXOWLSOLFDWLRQ�E\�D�VLQJOH�PDWUL[� GHQRWHG�E\ $%� VR�WKDW

A.B[/ D .AB/[ ���

6HH�)LJXUH ��

Multiplication

by AB

Bx

Multiplication

by B
x

Multiplication

by A
A(Bx)

0XOWLSOLFDWLRQ�E\ $%�

,I A LV m ! n� B LV n ! p� DQG [ LV�LQ Rp � GHQRWH�WKH�FROXPQV�RI B E\ E1; : : : ;Ep

DQG�WKH�HQWULHV�LQ [ E\ x1; : : : ; xp � 7KHQ

B[ D x1E1 C " " " C xpEp

%\�WKH�OLQHDULW\�RI�PXOWLSOLFDWLRQ�E\ A�

A.B[/ D A.x1E1/ C " " " C A.xpEp/

D x1AE1 C " " " C xpAEp
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Definition
If A is an m× n matrix, and if B is an n× p matrix
with columns b1, · · · , bp, then the product AB is
the m× p matrix whose columns are Ab1, · · · , Abp.
That is,

AB = A
[
b1 b2 · · · bp

]
=
[
Ab1 Ab2 · · · Abp

]
Multiplication of matrices corresponds to
composition of linear transformations.
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composition of linear transformations.



Definition
If A is an m× n matrix, and if B is an n× p matrix
with columns b1, · · · , bp, then the product AB is
the m× p matrix whose columns are Ab1, · · · , Abp.
That is,

AB = A
[
b1 b2 · · · bp

]
=
[
Ab1 Ab2 · · · Abp

]
Multiplication of matrices corresponds to
composition of linear transformations.



Example

Compute AB, where A =

[
2 3
1 −5

]
and

B =

[
4 3 6
1 −2 3

]

0DWUL[ 2SHUDWLRQV

7KH�YHFWRUA.B[/ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUVAE1; : : : ; AEp � XVLQJ�WKH�HQWULHV
LQ [ DV�ZHLJKWV� ,Q�PDWUL[�QRWDWLRQ� WKLV�OLQHDU�FRPELQDWLRQ�LV�ZULWWHQ�DV

A.B[/ D Œ AE1 AE2 ! ! ! AEp ![

7KXV�PXOWLSOLFDWLRQ�E\ Œ AE1 AE2 ! ! ! AEp ! WUDQVIRUPV [ LQWRA.B[/�:H�KDYH�IRXQG
WKH�PDWUL[�ZH�VRXJKW�

,I A LV�DQ m " n PDWUL[� DQG�LI B LV�DQ n " p PDWUL[�ZLWK�FROXPQV E1; : : : ; Ep �
WKHQ�WKH�SURGXFW AB LV�WKH m " p PDWUL[�ZKRVH�FROXPQV�DUH AE1; : : : ; AEp � 7KDW
LV�

AB D A
!
E1 E2 ! ! ! Ep

"
D
!
AE1 AE2 ! ! ! AEp

"

7KLV�GHÀQLWLRQ�PDNHV�HTXDWLRQ�����WUXH�IRU�DOO [ LQ Rp � (TXDWLRQ�����SURYHV�WKDW�WKH
FRPSRVLWH�PDSSLQJ�LQ�)LJXUH ��LV�D�OLQHDU�WUDQVIRUPDWLRQ�DQG�WKDW�LWV�VWDQGDUG�PDWUL[�LV
AB � 0XOWLSOLFDWLRQ�RI�PDWULFHV�FRUUHVSRQGV�WR�FRPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV�

&RPSXWH AB � ZKHUH A D
#

2 3
1 #5

$
DQG B D

#
4 3 6
1 #2 3

$
�

:ULWH B D Œ E1 E2 E3 !� DQG�FRPSXWH�

AE1 D
#

2 3
1 #5

$#
4
1

$
; AE2 D

#
2 3
1 #5

$#
3

#2

$
; AE3 D

#
2 3
1 #5

$#
6
3

$

D
#

11
#1

$
D
#

0
13

$
D
#

21
#9

$

❄ ❄
❄7KHQ

AB D AŒ E1 E2 E3 ! D
#

11 0 21
#1 13 #9

$

✻ ✻ ✻
AE1 AE2 AE3

1RWLFH�WKDW�VLQFH�WKH�ÀUVW�FROXPQ�RI AB LV AE1; WKLV�FROXPQ�LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�FROXPQV�RI A XVLQJ�WKH�HQWULHV�LQ E1 DV�ZHLJKWV� $ VLPLODU�VWDWHPHQW�LV�WUXH�IRU
HDFK�FROXPQ�RI AB:

(DFK�FROXPQ�RI AB LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A XVLQJ�ZHLJKWV
IURP�WKH�FRUUHVSRQGLQJ�FROXPQ�RI B �

2EYLRXVO\� WKH�QXPEHU�RI�FROXPQV�RI A PXVW�PDWFK�WKH�QXPEHU�RI�URZV�LQ B LQ
RUGHU�IRU�D�OLQHDU�FRPELQDWLRQ�VXFK�DV AE1 WR�EH�GHÀQHG� $OVR� WKH�GHÀQLWLRQ�RI AB
VKRZV�WKDW AB KDV�WKH�VDPH�QXPEHU�RI�URZV�DV�$ DQG�WKH�VDPH�QXPEHU�RI�FROXPQV
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7KH�YHFWRUA.B[/ LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�YHFWRUVAE1; : : : ; AEp � XVLQJ�WKH�HQWULHV
LQ [ DV�ZHLJKWV� ,Q�PDWUL[�QRWDWLRQ� WKLV�OLQHDU�FRPELQDWLRQ�LV�ZULWWHQ�DV

A.B[/ D Œ AE1 AE2 ! ! ! AEp ![

7KXV�PXOWLSOLFDWLRQ�E\ Œ AE1 AE2 ! ! ! AEp ! WUDQVIRUPV [ LQWRA.B[/�:H�KDYH�IRXQG
WKH�PDWUL[�ZH�VRXJKW�

,I A LV�DQ m " n PDWUL[� DQG�LI B LV�DQ n " p PDWUL[�ZLWK�FROXPQV E1; : : : ; Ep �
WKHQ�WKH�SURGXFW AB LV�WKH m " p PDWUL[�ZKRVH�FROXPQV�DUH AE1; : : : ; AEp � 7KDW
LV�

AB D A
!
E1 E2 ! ! ! Ep

"
D
!
AE1 AE2 ! ! ! AEp

"

7KLV�GHÀQLWLRQ�PDNHV�HTXDWLRQ�����WUXH�IRU�DOO [ LQ Rp � (TXDWLRQ�����SURYHV�WKDW�WKH
FRPSRVLWH�PDSSLQJ�LQ�)LJXUH ��LV�D�OLQHDU�WUDQVIRUPDWLRQ�DQG�WKDW�LWV�VWDQGDUG�PDWUL[�LV
AB � 0XOWLSOLFDWLRQ�RI�PDWULFHV�FRUUHVSRQGV�WR�FRPSRVLWLRQ�RI�OLQHDU�WUDQVIRUPDWLRQV�

&RPSXWH AB � ZKHUH A D
#

2 3
1 #5

$
DQG B D

#
4 3 6
1 #2 3

$
�

:ULWH B D Œ E1 E2 E3 !� DQG�FRPSXWH�

AE1 D
#

2 3
1 #5

$#
4
1

$
; AE2 D

#
2 3
1 #5

$#
3

#2

$
; AE3 D

#
2 3
1 #5

$#
6
3

$

D
#

11
#1

$
D
#

0
13

$
D
#

21
#9

$

❄ ❄
❄7KHQ

AB D AŒ E1 E2 E3 ! D
#

11 0 21
#1 13 #9

$

✻ ✻ ✻
AE1 AE2 AE3

1RWLFH�WKDW�VLQFH�WKH�ÀUVW�FROXPQ�RI AB LV AE1; WKLV�FROXPQ�LV�D�OLQHDU�FRPELQDWLRQ
RI�WKH�FROXPQV�RI A XVLQJ�WKH�HQWULHV�LQ E1 DV�ZHLJKWV� $ VLPLODU�VWDWHPHQW�LV�WUXH�IRU
HDFK�FROXPQ�RI AB:

(DFK�FROXPQ�RI AB LV�D�OLQHDU�FRPELQDWLRQ�RI�WKH�FROXPQV�RI A XVLQJ�ZHLJKWV
IURP�WKH�FRUUHVSRQGLQJ�FROXPQ�RI B �

2EYLRXVO\� WKH�QXPEHU�RI�FROXPQV�RI A PXVW�PDWFK�WKH�QXPEHU�RI�URZV�LQ B LQ
RUGHU�IRU�D�OLQHDU�FRPELQDWLRQ�VXFK�DV AE1 WR�EH�GHÀQHG� $OVR� WKH�GHÀQLWLRQ�RI AB
VKRZV�WKDW AB KDV�WKH�VDPH�QXPEHU�RI�URZV�DV�$ DQG�WKH�VDPH�QXPEHU�RI�FROXPQV
DV�%�

,I A LV�D 3 " 5 PDWUL[�DQG B LV�D 5 " 2 PDWUL[� ZKDW�DUH�WKH�VL]HV�RI
AB DQG BA� LI�WKH\�DUH�GHÀQHG"

6(&21' 5(9,6(' 3$*(6



Each column of AB is a linear combination of
the columns of A using weights from the
corresponding column of B.

AB has the same number of rows as A and the
same number of columns as B.



Each column of AB is a linear combination of
the columns of A using weights from the
corresponding column of B.

AB has the same number of rows as A and the
same number of columns as B.



Example

If A is a 3× 5 matrix and B is a 5× 2 matrix, what
are the sizes of AB and BA, if they are defined?

0DWUL[ $OJHEUD

6LQFH A KDV���FROXPQV�DQG B KDV���URZV� WKH�SURGXFW AB LV�GHÀQHG�DQG
LV�D 3 ! 2 PDWUL[�

A B AB2

4
" " " " "
" " " " "
" " " " "

3

5

2

66664

" "
" "
" "
" "
" "

3

77775

D
2

4
" "
" "
" "

3

5

3 ! 5 5 ! 2 3 ! 2

✻ ✻✻ ✻0DWFK

6L]H�RI AB

7KH�SURGXFW BA LV QRW GHÀQHG�EHFDXVH�WKH���FROXPQV�RI B GR�QRW�PDWFK�WKH���URZV
RI A�

7KH�GHÀQLWLRQ�RI AB LV� LPSRUWDQW� IRU� WKHRUHWLFDO�ZRUN�DQG�DSSOLFDWLRQV� EXW� WKH
IROORZLQJ�UXOH�SURYLGHV�D�PRUH�HIÀFLHQW�PHWKRG�IRU�FDOFXODWLQJ�WKH�LQGLYLGXDO�HQWULHV�LQ
AB ZKHQ�ZRUNLQJ�VPDOO�SUREOHPV�E\�KDQG�

,I�WKH�SURGXFW AB LV�GHÀQHG� WKHQ�WKH�HQWU\�LQ�URZ i DQG�FROXPQ j RI AB LV�WKH
VXP�RI�WKH�SURGXFWV�RI�FRUUHVSRQGLQJ�HQWULHV�IURP�URZ i RI A DQG�FROXPQ j RI
B � ,I .AB/ij GHQRWHV�WKH .i; j /�HQWU\�LQ AB � DQG�LI A LV�DQ m ! n PDWUL[� WKHQ

.AB/ij D ai1b1j C ai2b2j C # # # C ainbnj

7R�YHULI\�WKLV�UXOH� OHW B D Œ E1 # # # Ep !� &ROXPQ j RI AB LV AEj � DQG�ZH�FDQ
FRPSXWH AEj E\�WKH�URZ²YHFWRU�UXOH�IRU�FRPSXWLQJ A[ IURP�6HFWLRQ ���� 7KH i WK HQWU\
LQ AEj LV� WKH�VXP�RI�WKH�SURGXFWV�RI�FRUUHVSRQGLQJ�HQWULHV�IURP�URZ i RI A DQG�WKH
YHFWRU Ej � ZKLFK�LV�SUHFLVHO\�WKH�FRPSXWDWLRQ�GHVFULEHG�LQ�WKH�UXOH�IRU�FRPSXWLQJ�WKH
.i; j /�HQWU\�RI AB �

8VH�WKH�URZ²FROXPQ�UXOH�WR�FRPSXWH�WZR�RI�WKH�HQWULHV�LQ AB IRU�WKH
PDWULFHV�LQ�([DPSOH �� $Q�LQVSHFWLRQ�RI�WKH�QXPEHUV�LQYROYHG�ZLOO�PDNH�LW�FOHDU�KRZ
WKH�WZR�PHWKRGV�IRU�FDOFXODWLQJ AB SURGXFH�WKH�VDPH�PDWUL[�

7R�ÀQG�WKH�HQWU\�LQ�URZ ��DQG�FROXPQ ��RI AB � FRQVLGHU�URZ ��RI A DQG
FROXPQ ��RI B � 0XOWLSO\�FRUUHVSRQGLQJ�HQWULHV�DQG�DGG�WKH�UHVXOWV� DV�VKRZQ�EHORZ�

AB D
✲
!

2 3
1 $5

"!
4 3

❄
6

1 $2 3

"
D
!

! ! 2.6/ C 3.3/
! ! !

"
D
!

! ! 21
! ! !

"

)RU�WKH�HQWU\�LQ�URZ ��DQG�FROXPQ ��RI AB � XVH�URZ���RI A DQG�FROXPQ ��RI B�

✲

!
2 3
1 $5

"!
4

❄
3 6

1 $2 3

"
D
!

! ! 21
! 1.3/ C $5.$2/ !

"
D
!

! ! 21
! 13 !

"

6(&21' 5(9,6(' 3$*(6



Exercise
Calculate AB with

A =


2 −5 0
−1 3 −4
6 −8 −7
−3 0 9

 B =

4 −67 1
3 2



rowi(AB) = rowi(A)B
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Properties of Matrix Multiplication

Let A be an m× n matrix, and let B and C have
sizes for which the indicated sums and products are
defined.

1 A(BC) = (AB)C (associative law)

2 A(B + C) = AB + AC (left distributive law)
3 (B+C)A = BA+CA (right distributive law)
4 r(AB) = (rA)B = A(rB)
5 ImA = A = AIN



Properties of Matrix Multiplication

Let A be an m× n matrix, and let B and C have
sizes for which the indicated sums and products are
defined.

1 A(BC) = (AB)C (associative law)
2 A(B + C) = AB + AC (left distributive law)

3 (B+C)A = BA+CA (right distributive law)
4 r(AB) = (rA)B = A(rB)
5 ImA = A = AIN



Properties of Matrix Multiplication

Let A be an m× n matrix, and let B and C have
sizes for which the indicated sums and products are
defined.

1 A(BC) = (AB)C (associative law)
2 A(B + C) = AB + AC (left distributive law)
3 (B+C)A = BA+CA (right distributive law)

4 r(AB) = (rA)B = A(rB)
5 ImA = A = AIN



Properties of Matrix Multiplication

Let A be an m× n matrix, and let B and C have
sizes for which the indicated sums and products are
defined.

1 A(BC) = (AB)C (associative law)
2 A(B + C) = AB + AC (left distributive law)
3 (B+C)A = BA+CA (right distributive law)
4 r(AB) = (rA)B = A(rB)

5 ImA = A = AIN



Properties of Matrix Multiplication
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Warnings

1 In general, AB 6=BA.

If AB = BA, we say they
commute with each other.

2 The cancellation laws do not hold for matrix
multiplication. AB = AC does not in general implies
B = C.

3 AB = 0, you cannot conclude in general that either
A = 0 or B = 0.
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Powers and Transpose of a Matrix

Powers of a Matrix
If A is a square matrix and if k is a positive integer,
then

Ak = A · · ·A

Transpose of a Matrix

Given an m× n matrix A, the transpose of A is the
n×m matrix, denoted by AT , whose columns are
formed from the corresponding rows of A.



Powers and Transpose of a Matrix

Powers of a Matrix
If A is a square matrix and if k is a positive integer,
then

Ak = A · · ·A

Transpose of a Matrix

Given an m× n matrix A, the transpose of A is the
n×m matrix, denoted by AT , whose columns are
formed from the corresponding rows of A.



Example

Write down the transposes of the following matrix.

A =

[
a b
c d

]
B =

−5 2
1 −3
0 4

 C =

[
1 1 1 1
−3 5 −2 7

]



Properties of the Transpose

(AT )T = A

(A+B)T = AT +BT

For any scalar r, (rA)T = rAT

(AB)T = BTAT



Mark each statement True or False. Justify each
answer.

The second row of AB is the second row of A
multiplied on the right by B.

(AB)C = (AC)B

(AB)T = ATBT

AT +BT = (A+B)T




